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Inampudi, Ravi Kishore (Ph.D., Aerospace Engineering Sciences)
Two-Craft Coulomb Formation Study about Circular Orbits and Libration Points

Thesis directed by Associate Professor Hanspeter Schaub (Chair)

This dissertation investigates the dynamics and control of a two-craft Coulomb formation
in circular orbits and at libration points; it addresses relative equilibria, stability and optimal
reconfigurations of such formations.

The relative equilibria of a two-craft tether formation connected by line-of-sight elastic
forces moving in circular orbits and at libration points are investigated. In circular Earth
orbits and Earth-Moon libration points, the radial, along-track, and orbit normal great circle
equilibria conditions are found. An example of modeling the tether force using Coulomb force
is discussed. Furthermore, the non-great-circle equilibria conditions for a two-spacecraft
tether structure in circular Earth orbit and at collinear libration points are developed. Then
the linearized dynamics and stability analysis of a 2-craft Coulomb formation at Earth-
Moon libration points are studied. For orbit-radial equilibrium, Coulomb forces control the
relative distance between the two satellites. The gravity gradient torques on the formation
due to the two planets help stabilize the formation. Similar analysis is performed for along-
track and orbit-normal relative equilibrium configurations. Where necessary, the craft use
a hybrid thrusting-electrostatic actuation system. The two-craft dynamics at the libration
points provide a general framework with circular Earth orbit dynamics forming a special case.
In the presence of differential solar drag perturbations, a Lyapunov feedback controller is
designed to stabilize a radial equilibrium, two-craft Coulomb formation at collinear libration
points.

The second part of the thesis investigates optimal reconfigurations of two-craft Coulomb
formations in circular Earth orbits by applying nonlinear optimal control techniques. The ob-

jective of these reconfigurations is to maneuver the two-craft formation between two charged

1ii
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equilibria configurations. The reconfiguration of spacecraft is posed as an optimization prob-
lem using the calculus of variations approach. The optimality criteria are minimum time,
minimum acceleration of the separation distance, minimum Coulomb and electric propulsion
fuel usage, and minimum electrical power consumption. The continuous time problem is
discretized using a pseudospectral method, and the resulting finite dimensional problem is
solved using a sequential quadratic programming algorithm. The software package, DIDO,
implements this approach. This second part illustrates how pseudospectral methods signifi-

cantly simplify the solution-finding process.
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Chapter 1
INTRODUCTION

1.1 Motivation

Close proximity formation flying missions are envisioned as an attractive alternative to tra-
ditional large space structures so that the feasibility, accuracy and robustness of the mission
is increased. Such missions fly spacecrafts in formation with separation distances ranging
from 100’s of meters to multiple kilometers. In order to maintain a desired cluster configu-
ration, one of the most important technological hurdles is to develop an active fuel efficient
micropropulsion system for relative positional control.! These requirements have led to a
new and emerging field of study on Coulomb propulsion. Coulomb forces as a fuel efficient
method for short-distance actuation in geostationary regions is discussed in Reference 3 in
1966. References 1 and 2 present a novel method of exploiting Coulomb forces for formation
flying control with separation distance on the order of dozens of meters. Here active charge
control is proposed to electrostatically inflate a large reflecting structure. The basic idea of
Coulomb propulsion of free-flying vehicles is to control the spacecraft formation shape and
size using the inter-spacecraft forces created by electrostatically charging the spacecraft to
different potentials; a four-craft formation is shown in Figure 1.1. This control is achieved
by varying the charge of the spacecraft by emitting either positive ions or negative electrons.
As a consequence, changes in inter-spacecraft Coulomb forces actuate the relative motion
control of the spacecraft as illustrated in Figure 1.2. For tight formation control of spacecraft
separation distances on the order of 100 meters or less, this propellant-less thrusting is an at-
tractive solution over conventional electric propulsion or chemical thrusting. For instance, at
small separation distances between spacecraft, electric propulsion can cause thruster plume

contamination of the neighbouring spacecraft. However, Coulomb propulsion is a highly
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Figure 1.1: Coulomb Formation Flying

efficient system with a renewable energy source and I, values ranging up to 10'? seconds.
Furthermore, it has very little electrical power requirements (one Watt or less) and has a
very high bandwidth for relative motion control with charge transition times on the order
of milli-seconds.!? These advantages enable high precision formation flying with very little
fuel consumption, increase the lifetime of the mission, and thus, the probability of mission

success.

Charged Satellites

NS

Coulomb Force Fields

Figure 1.2: Two Charged Craft Coulomb Force Interaction

A Coulomb tether formation has several potential applications in space technologies, for
example, high accuracy wide-field-of-view optical interferometry missions with geostation-
ary orbits (GEQO), spacecraft cluster control, rendezvous and docking maneuvers, as well as
deployment or retrieval of dedicated sensors using Coulomb forces. As illustrated in Fig-

ure 1.3, Separated Spacecraft Interferometry (SSI) consists of an interferometer instrument
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distributed over multiple spacecraft collecting the light from a distant object in order to
obtain information with very high angular resolution. Since the angular resolution of an
interferometer is inversely proportional to the separation of its apertures, angularly fine
objects can only be detected using SSI. For instance, using an SSI system, visible Earth
imaging from GEO with meter level surface resolution would be possible. Therefore, the
Coulomb concept is well suited to such wide-field-of-view planetary imaging with unprece-
dented resolution. Figure 1.4 illustrates the cluster Coulomb formation flying concept where
the Coulomb forces not only keep the satellites bounded, but also keep them from colliding
with each other. A potential application for a two-craft Coulomb formation is to deploy and
retrieve a small free-flying camera or probe from a large geostationary communication satel-
lite using Coulomb forces. This concept illustrated in Figure 1.5 allows the main satellite to

carry sophisticated instruments which might be affected by high charging.

Figure 1.3: Separated Spacecraft Interferometry?®

A three-body gravitational system consists of a spacecraft formation near two large ce-
lestial objects who are rotating around their common center of mass. Due to the rotation of
the system, there are five equilibrium points as illustrated in Figure 1.6; these equilibrium
points are the libration points (L;-Ls) of the three-body system. For the Earth-Moon system

the three collinear points L;-L3 are unstable, while the two equilateral triangle points L4-Ls

2Courtesy NASA /JPL-Caltech, http://eis.jpl.nasa.gov/planetquest/gallery/tpfBrowselmages.cfm
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CAMERA

Figure 1.5: Deployment or Retrieval of a Camera using the Coulomb forces®
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are stable. Virtual Coulomb structures at the libration points are useful for remote-sensing
missions to establish a long baseline imaging capability, or for ensuring better stationkeeping

configurations.

Figure 1.6: Libration Points

In spite of the many advantages of Coulomb propulsion, there are a few drawbacks. The
formation dynamics is highly coupled and nonlinear; nonhomogeneous absolute spacecraft
charging at geostationary altitudes may cause arcing; dependence of the inter-spacecraft
Coulomb forces of the whole formation on each and every spacecraft’s position and charge;
and feasibility of Coulomb formation flying concept in less dense plasma environments at
geostationary orbit (GEO) altitudes or higher. Moreover, as the electrostatic forces are
internal to the formation, Coulomb forces cannot be used to reorient a full formation to a
new orientation. Because these Coulomb forces cannot be used to control the center of mass
of the formation and thus to change the total inertial formation angular momentum vector.
Therefore, to reorient a Coulomb formation, external forces such as thrusters or differential
gravity gradient torques must be used. Also, Coulomb formation flying requires a careful
balance between the inter-craft forces and the relative orbital dynamics. Furthermore, in
the presence of plasma, the Coulomb interaction between the craft is scaled by the Debye

length parameter. The Debye length parameter is a measure of how strongly the plasma
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is shielding the electrostatic charge of a craft. For a fixed spacecraft separation distance, a
lower Debye length implies a stronger plasma shielding and a weaker Coulomb interaction
between charged crafts. Typically at Geostationary Orbits (GEO) the Debye length vary
between 80-1400 m, with a mean of about 180 m.” Since the Debye length is small at
LEO the use of electrostatic forces is not favorable in this region. However, with reasonable
Debye lengths at GEO and interplanetary space environments,! electrostatic forces can be
exploited in these regions for Coulomb spacecraft formations. While Coulomb propulsion is
nearly propellantless, the non-affine nature of the charge actuation and the strongly coupled

non-linear equations of motion result in a challenging and interesting control design problem.
1.2 Literature Review

In 1966, Cover et al® introduced Coulomb actuation of a membrane surface at GEO, and
discussed the benefits of using Coulomb forces as a fuel efficient method for short-distance ac-
tuation. In 2002, in the context of formation flying, Parker and King presented the Coulomb
propulsion concept in References 1 and 2. Ever since their work on Coulomb propulsion,
there have been many interesting investigations on the dynamics and control problems of
Coulomb formation. Parker and King™? present analytic solutions for Hill-frame invariant
static Coulomb formations with symmetry assumptions. The analytic open-loop solutions
are for three and five craft formations, and the numerical solutions are for a six-craft for-
mation. The charges required to maintain the formation shape are held constant and the
spacecraft are placed at pre-defined locations in the rotating Hill frame. As a result, the
Coulomb forces perfectly cancel all relative motion of the charged spacecraft, causing the
static Coulomb formation to appear fixed as seen in the Hill frame. References 8-10 present
more systematic analytic solutions for two, three, and four spacecraft formations. Fur-
thermore, Berryman and Schaub® numerically demonstrate that charged equilibria with as
many as 9 craft are possible in GEO orbits. The open-loop static Coulomb formations are
all dynamically unstable without a feedback control law to stabilize the motion. Using a
noncanonical Hamiltonian formulation of the Coulomb formation dynamics, Reference 11

formulates necessary conditions to achieve such static Coulomb formations with constant
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charges. These necessary conditions are derived for a virtual Coulomb structure where the
orbital motion is decoupled from the attitude motion and these Hamiltonian formulations
are equivalent to finding rigid body equilibrium conditions in orbit. Reference 12 applies
a similar noncanonical Hamiltonian approach to examine the relative equilibria of a rigid

satellite in a circular Keplerian orbit.

In the context of a restricted two-body problem, the existence of great-circle relative
equilibria for a satellite (spherically symmetric rigid body) implies that the center of the
circular orbit coincides with the center of the gravitational field.'?>'® The dynamics of the
satellite’s center of mass is exactly that of the Keplerian point mass model. If the satellite
is assumed to be an arbitrary rigid body, and making a first order approximation of the
gravitational force acting on the rigid body assuming that the orbital motion is decoupled
from the attitude motion, the classical rigid-body attitude equilibrium study reveals that all
three rigid body principal axes must line up with the LVLH (Local vertical /local horizontal)
frame axes.!* However, Reference 13 uses the exact potential function expression and proves
the existence of nongreat-circle relative equilibria where the radius vector from the center of
the gravitational field to the center of mass of the satellite traces a cone rather than a disk.
Large variations in orientation from the classical regular motions are verified numerically for

a finite rigid body.'?

Specifically, Reference 15 discusses the relative equilibria and relative stability of a sys-
tem of two spring-connected point masses moving in a central gravitational field. The paper
shows that nongreat-circle equilibria exist for this simple spring system, and, for long tethers
of approximately 3500 km at LEO, the attitude deflection from the vertical can reach tens of
degrees. Such differences in orientation between great-circle and nongreat-circle solutions are
particularly noticeable if the mass distribution of the formation is as asymmetric as possible.
The spring system possesses SO(3) symmetry and such symmetry in geometric mechanics
induces certain reduced dynamics which facilitates the computation of relative equilibria
conditions. To obtain the conditions for relative equilibria, the principle of symmetric criti-
cality is applied.'® In order to gain further insights on the effects of nongreat-circle relative

equilibria and mass asymmetry on a two spacecraft formation, the tether is modeled using
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a Coulomb force in this thesis. The Coulomb formation has SO(3) symmetry as well.

References 8-10 search for static Coulomb structure solutions using genetic algorithms.
Here the simple principle axes condition of rigid body equilibria are used to speed up the
genetic search algorithms. Thus, the open-loop equilibrium charges cause the virtual struc-
ture to assume a constant shape as seen by the rotating orbit frame. Some of these Coulomb
concepts can have very asymmetric mass distributions. For example, consider the case of a
small free-flying camera in the proximity of a large geostationary communication satellite.
Because earlier work has shown that asymmetric bodies facilitate nongreat-circle equilibria,

it is of interest how this impacts the 2-craft Coulomb virtual structure studies.

In the context of a restricted three-body problem, Reference 16 considers the equilibrium
configurations of a rigid tethered system near all five libration points and carries out the
stability analysis when it is near the translunar libration point. Reference 17 presents the
attitude dynamics and stability of a small rigid satellite in the vicinity of Lagrangian points.
The paper also investigates the attitude dynamics of a satellite while it is in Lyapunov
and halo orbits. Also, the NIAC report in Reference 1 analyzes the suitability of Coulomb
control for a static collinear five-vehicle formation at Earth-Sun Lagrange points where the
formation local dynamics ignore gravity. Furthermore, Reference 18 presents compatibility
results of using Coulomb satellites with electric propulsion and autonomous path planning
techniques at the libration points for formation keeping and reconfiguration of swarms of
satellites. In the interplanetary space at a distance of 1 AU from the Sun, the Debye length
is much smaller than that in a GEO environment (highest Debye length of approximately 40
m); therefore, this constrains the maximum possible formation length, but despite the low
value of the Debye length, multi-craft equilibrium formations are reported to exist at the

Earth-Sun L, Lagrange point.!®

Changing the position or orientation of a space structure using Coulomb propulsion is an
important application. Reference 19 develops a charge control law to reposition a charged
body using three charged drones. The control law neglects the orbital mechanics and consid-

ers only Coulomb attraction as the dominant force acting on a system. Reference 37 explores

SO (3)-rotation.group-concept is explained in Appendix A
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a different Coulomb force deployment technique in which a chief satellite repositions small
deputy spacecraft from an initial configuration near the chief to a specified shape outward
from the chief. References 18 and 20 propose a distributed navigation technique called Equi-
librium Shaping (ES) to drive a swarm of satellites to a desired configuration in space. This
method exploits a decentralized path-planning algorithm requiring a small amount of com-
munication between the satellites and gives each satellite the autonomous ability to decide a
position in the target formation. The method is demonstrated though numerical simulations
and suitable for very large swarms of spacecraft; however, each spacecraft pursues subopti-
mal maneuvers due to the highly decentralized scheme, and the control algorithm does not

have analytical stability guarantees.

Stabilization techniques of two-craft virtual Coulomb structure in equilibrium configu-
rations (radial, along-track, and orbit normal) are studied in Reference 5. About an orbit
radial direction, to stabilize the relative separation distance a charge feedback law is used
exploiting the differential gravitational attraction to stabilize the in-plane attitude. Along
the orbit-normal and the along-track directions, the charge feedback law and the differen-
tial gravitational accelerations are inadequate to stabilize the in-plane motion. Therefore,
for asymptotic in-plane stabilization, hybrid feedback control laws are used which combine
conventional thrusters and Coulomb forces. Furthermore, Reference 5 investigates the linear
dynamics and stability analysis of reconfiguration maneuvers for all three equilibrium config-
urations using linearized time-varying dynamical models. In such reconfiguration maneuvers
as shown in Figure 1.7(a), varying electrostatic Coulomb forces can increase or decrease
the relative distance between the two satellites. These Coulomb tether expansion and con-
traction rates affect the stability of the virtual structure within particular limits, and the
reconfigurations thus obtained are suboptimal. Moreover, such linearized models could not
be used in the nonlinear regime to perform reconfigurations such as a radial to along-track
reconfiguration shown in Figure 1.7(b). Therefore, optimal control techniques could provide
an alternative direction to determine optimized reconfiguration maneuvers for constrained
nonlinear systems.

Optimal control problems concerning deployment /retrieval of a tethered subsatellite using
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Figure 1.7: Two-Craft Reconfiguration Maneuvers

various performance metrics are considered in References 21, 22 and 23. However, such
solutions are not unique and depend on the performance index chosen to solve the optimal
control problem. Reference 23 provides a comprehensive study of the effect of different
performance indices on the optimal deployment and retrieval dynamics. For example, for
a rigid tether, minimizing the length acceleration or minimizing functions of the tension
acceleration appear to give good trajectories in terms of the maximum variations in the
states and accelerations. Furthermore, optimal design problems in space applications almost
always imply minimizing fuel use, which dictates the engineering feasibility of any mission.?*
Also, Reference 24 discusses how to choose proper minimum-fuel cost functions for correct
problem formulation, and if a zero-cost (no fuel use needed) optimal trajectory is found,
then it is the globally optimal solution. Using the pseudo-spectral method, a successful
numerical implementation of an optimal control problem is demonstrated in Reference 25,
where minimum-time reorientation of an asymmetric rigid body is considered. Therefore,
prior work?!"2% motivates to explore the problems of repositioning or reorientation of Coulomb

space structures using optimal control techniques.

Optimal control problems can rarely be solved analytically, and numerical methods are

needed in such cases to solve them.?® The first step is to discretize the problem, which is
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to define the system at discrete points which results in a finite number of variables because
the system variables are only defined at the discrete points. The number of variables for
the optimal control problem is then the number of variables in the system times the number
of discretization points. The numerical techniques to solve optimal control problems are
either indirect or direct methods.?”2%33 Indirect methods are based on the calculus of varia-
tions and the necessary conditions are derived from Pontryagin’s principles. Direct methods
discretize the optimal control problem and solve the resulting large-scale finite-dimensional
optimization problem. In recent years, developing direct algorithms using Legendre pseu-
dospectral methods has become a very active research field.?*32 Legendre pseudo-spectral
methods posses the property that the solution satisfies the necessary optimality conditions
and eliminates traditional difficulties in solving for the costates in the optimal control prob-
lem.32 Also, Pontryagin’s Minimum Principle verifies the extremality of these solutions.?
Recent references show several interesting applications that use pseudospectral (PS) methods.
Examples range from, spacecraft attitude control,?® low-thrust orbit transfers 33 tethered

1,36 and many more. Based on pseudo-spectral optimal control theory,

satellite system contro
DIDO is a powerful computational tool that generates spectrally accurate solutions.?® More-
over, this tool can solve non-smooth problems that have state/control discontinuities where
these discontinuities can be seen in bang-bang controls. For instance, Reference 25 considers

a minimum-time reorientation of an asymmetric rigid body and demonstrates a successful

implementation of the pseudo-spectral method using DIDO.
1.3 Dissertation Objectives

The primary goals of the thesis are to study the relative equilibria of a two spacecraft line-of-
sight tether formation moving in circular orbits and at libration points, to stabilize a 2-craft
Coulomb formation at Earth-Moon libration points, and to determine optimal reconfigura-
tions of a two-craft Coulomb formation in circular Earth orbits. Figure 1.8 illustrates the
research overview with the solid lines indicating previous research work and the dashed lines
showing the work pertaining to this thesis.

The goals of this thesis are summarized below.
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Figure 1.8: Research Overview

1.3.1 Two-Craft Tether Formation Relative Equilibria about Circular Orbits and Libration

Points

The relative equilibria of a two spacecraft tether formation connected by line-of-sight elastic
forces moving in the context of a restricted two-body system and a circularly restricted
three-body system are investigated. For a two-spacecraft formation moving in a central
gravitational field, a common assumption is that the center of the circular orbit is located
at the primary mass and the center of mass of the formation orbits around the primary in
a great-circle orbit. The relative equilibrium is called great-circle if the center of mass of
the formation moves on the plane with the center of the gravitational field residing on it;
otherwise, it is called a nongreat-circle orbit. Previous research shows that nongreat-circle
equilibria in low Earth orbits exhibit a deflection of about a degree from the great-circle
equilibria when spacecraft with unequal masses are separated by 350 km. This thesis studies

these equilibria (radial, along-track and orbit-normal in circular Earth orbit and Earth-Moon
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Libration points) for a range of inter-craft distances and semi-major axes of the formation
center of mass. Furthermore, the nongreat-circle equilibria conditions for a two-spacecraft
tether structure at the Lagrangian Libration points are developed. The relative equilibria
computations use exact gravitational and tether potentials. The solution analysis considers

the effect of mass asymmetry of the formation as well.

1.8.2  Dynamics and Stability Analysis of Two-Craft Coulomb Formation at Libration Points

The linearized radial, along-track and orbit-normal dynamics and stability of a 2-craft
Coulomb tether formation at Earth-Moon libration points are investigated. The assump-
tion for the linearized study is that the sunlit areas of the two-craft are equal such that the
differential solar radiation pressure on the formation is zero. The relative distance between
the two satellites of the Coulomb tether is controlled using electrostatic Coulomb forces.
The separation distance between the satellites is stabilized with a charge feedback law which
maintains the relative distance at a constant value. The electrostatic virtual tether between
the two craft is capable of both tensile and compressive forces. In the orbit radial direction,
the gravity gradient torques on the formation due to the two celestial objects is exploited
to stabilize the Coulomb tether formation. Controlling the separation distance stabilizes the
in-plane rotation angle; however, the out-of-plane rotational motion is not affected by the
spacecraft charge control law. Similarly, control laws are developed for stabilizing the for-
mation along the other two equilibrium configurations (along-track and orbit-normal). Since
the gravity gradient torques alone are not sufficient to stabilize the Coulomb tether length
and the formation attitude in these two equilibrium configurations, hybrid feedback control
laws which combine conventional thrusters and Coulomb forces are necessary. The new two-
craft dynamics at the libration points provide a general framework with circular Earth orbit
dynamics forming a special case. In the presence of differential solar drag perturbations, a
Lyapunov feedback controller stabilizes a radial equilibrium two-craft Coulomb formation at

collinear libration points.
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1.8.3  Optimal Reconfigurations of Two-Craft Coulomb Formation in Circular Orbits

Optimal reconfigurations of two-spacecraft Coulomb formations in circular Earth orbits are
determined by applying nonlinear optimal control techniques. The objective of these recon-
figurations is to maneuver the two-craft formation between two charged equilibria configura-
tions. The four optimality criteria considered are minimum reconfiguration time, minimum
acceleration of the separation distance, minimum electric propulsion fuel usage, and min-
imum electrical power consumption. Various optimal reconfigurations of 2-craft Coulomb
virtual tether formations are considered. In a radial relative equilibrium reconfiguration, the
Coulomb force alone is sufficient for controlling the in-plane motion and steering the satellites
from their initial to their final radial position. In this reconfiguration maneuver, the gravity
gradient torque stabilizes the in-plane motion. Other equilibrium-to-equilibrium reconfigu-
rations require hybrid controls. For instance, reconfigurations in along-track or orbit normal
equilibrium locations use Coulomb force to vary the separation distance and use inertial
micro-thrusters for transverse direction control. Radial to along-track and radial to orbit-
normal maneuvers are investigated as well. The goal is to determine optimal reconfigurations
maximizing the use of Coulomb propulsion while minimizing the electric propulsion usage.
The two-point boundary value problem optimization formulation is numerically solved via
pseudo-spectral methods. Pontryagin’s Minimum Principle verifies the open loop solutions’

optimality.

In this thesis, the following assumptions are made:

1. The inter-spacecraft force undergoes both tensile and compressive forces along the

line-of-sight direction between the two spacecraft.

2. The gravitational attraction between the two spacecraft masses is neglected.

3. For the three-body system, the spacecraft formation motion is in the primary bodies’

plane of motion.
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1.4 Dissertation Outline

This dissertation is organized as follows. Chapter 1 gives an outline of this thesis which
presents the research background and the dissertation objectives. The second chapter presents
the relative equilibria of a two spacecraft static tether structure using the exact gravitational
and tether potentials in the context of a restricted two-body system and a circularly re-
stricted three-body system. It also discusses the non-great circle effects in circular orbits
on any two-craft formation existing from low Earth orbits (LEO) to geostationary orbits
(GEO) as well as at collinear libration points. Chapter 3 presents the study of a two-craft
Coulomb virtual tether that aligns along the orbit-radial (nadir) direction at any of the five
libration points. It derives linear feedback laws for asymptotically stabilizing this formation
along the orbit radial axis for a particular shape. To overcome solar drag perturbations on
a two-craft Coulomb formation, a Lyapunov feedback controller is also designed for stabiliz-
ing a radial equilibrium formation at collinear libration points. Chapter 4 develops hybrid
feedback control laws for asymptotically stabilizing the formation in the along-track and
orbit-normal equilibrium configurations at any of the five libration points. Chapter 5 dis-
cusses optimal reconfigurations of a two spacecraft Coulomb formation. The derivation of
two-craft nonlinear equations of motion and optimal control problem formulations are pre-
sented. For the reconfiguration optimal control problem, three discretization schemes and
their solution methods are described as well. Four performance measures are used to study
optimal two-craft reconfigurations: minimum-time, minimum-acceleration, minimum-fuel,
and minimum-power. The goal is to maximize Coulomb propulsion usage for longitudinal
maneuvers utilizing minimum electric propulsion for transverse maneuvers. For determining
optimal reconfigurations of two-craft formations, pseudospectral methods are applied. The
open-loop numerical solutions of two-craft reconfigurations in GEO circular orbits are pre-
sented and verified with Pontryagin’s necessary conditions in this chapter. Finally, Chapter
6 provides a summary of the main contributions of this dissertation and indicates future

avenues of research.
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Chapter 2

TWO-CRAFT TETHER FORMATION RELATIVE
EQUILIBRIA ABOUT CIRCULAR ORBITS AND LIBRATION
POINTS

The objective of this chapter is to study the relative equilibria of a two spacecraft tether
formation connected by line-of-sight elastic forces moving in the context of a restricted two-
body system and a circularly restricted three-body system using the exact gravitational
and tether potentials. An example of modeling the tether force using Coulomb force is
discussed. The necessary conditions for a virtual Coulomb structure where the orbital motion
is decoupled from the attitude motion are discussed in Reference 11. References 8-10 search
for static Coulomb structure solutions using genetic algorithms. Here the simple principle
axes condition of rigid body equilibria are used to speed up the genetic search algorithms. In
this chapter, the validity of this assumption is investigated for Coulomb tether applications
taking non-great-circle equilibria conditions into account. The goal is to identify for what
formation dimension and altitudes these non-great circle effects become significant. The
system dynamics and the notion of SO(3) symmetry applied to an elastic tether formation
moving in a central gravitational field as well as for a restricted three-body system are
discussed. The principle of symmetric criticality is applied to determine the conditions
of relative equilibria of such static structures. For the restricted two-body system, the
reduced dynamics identifies the classical great-circle equilibria; radial, along-track and orbit-
normal equilibria. Also, the nongreat-circle effects in circular orbits for two-craft formations
existing from LEO to GEO are investigated. Furthermore, relative equilibria solutions for
a two-spacecraft formation are derived at the libration points. Finally, the nongreat-circle

equilibria effects of such formations are presented at collinear libration points.
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2.1 System Description and SO(3) Symmetry

In the following sections, fundamental concepts are introduced related to the dynamics of a
system of N spacecrafts moving in a central gravitational field (restricted two-body system)

and moving under the mutual gravitation of two bodies (restricted three-body system).

2.1.1 Restricted Two-body System

The spacecrafts shown in the Figure 2.1 are considered to be point masses moving in a
central gravitational field. With the static virtual tether structure the system of spacecrafts
behaves equivalently to a rigid body in orbit because the constant elastic inter-spacecraft
forces cancel perfectly the differential gravitational forces acting across the cluster. Let F}
be the tether force acting between the two masses, and r; be the inertial position vector of
a single craft of mass m;. Then the center of mass position vector r. of this formation is

defined as
| X
Tr. = M i:E 1 m;r; (21)

with M = Zfil m; being the total formation mass. Let O be the center of the inverse square

(m,, q,)

(m,, q,)

Inertial Frame

X

Figure 2.1: Two-Craft Coulomb Spacecraft Formation (Restricted Two-body System)
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field and the origin of the inertial frame, while the formation’s center of mass and center of
gravity are denoted by C and G, respectively. The inertial position vectors of C and G are

r. and r, and are related by
Tg—T.=T (2.2)

where 7 is the constant vector between C and G.
From Newton’s laws of gravitation the following relation relating the formation center of

gravity and the individual inertial vectors is obtained as

- Z m 23)

||7°g|| IITzII

Using the two-body relative equations of motion with respect to G, the inertial second

derivative of the vector 7, is

Pry (1) | pry (1)

o 24)

where p is the gravitational constant. Therefore, from Eqs. (2.2) and (2.4), the inertial

second derivatives of the vectors 7. and r, are related by

Pr,(t) |y ()
& iy ()

—0 (2.5)

Let m; and moy denote the mass of each craft with inertial position vectors r; and r5, while
each craft is assumed to have electrostatic (Coulomb) charges ¢; and ¢,. The kinetic energy

of the system is then given by
. my . msy | .
T (1,72) = 2 il 52 ) (2.6
The potential energy of the system is

V(r1,m2) = Vg (r1,m2) + Vi ([lrs — r2f]) (2.7)
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where Vj (r1,72) is the gravitational potential energy of both the point masses in orbit

defined as

My e
[rall [l

Vg (r1,m2) = — (2.8)

Vi (||r1 — r2]|) is the elastic tether potential energy and is a function of separation distance
|1 — r2|| between the two spacecraft. For example, if a Coulomb tether is assumed between

two spacecraft then V; = V, with the Coulomb potential energy V. given by

) q1q2 _ HT1>\—7"2H
|71 — 72l

Ve(llre = mall) = & (2.9)

where k. = 8.99 x 10° Nm?/C? is the Coulomb’s constant. The exponential term depends
on the Debye length parameter A\; which controls the electrostatic field strength of plasma
shielding between the craft. At Geostationary Orbits (GEQO) the Debye length vary between
80-1400 m, with a mean of about 180 m.” The Coulomb spacecraft formations are typically
assumed to be orbiting on high Earth orbits. However, the tether spacecraft formations
studied in this chapter are assumed to be orbiting from low to high Earth orbits.

In this chapter, the relative equilibria of a formation with two spacecraft subjected to
elastic tether forces is considered where there are no external forces acting on the system.
The relative equilibrium of the spacecraft formation is introduced by defining a uniformly
rotating frame located at the origin O which has a constant orbital angular velocity of &.
A formation moving in a circular orbit that is stationary relative to this uniformly rotating
frame exhibits symmetry with respect to the special orthogonal rotation group SO(3). The
SO(3) rotation group and other group theoretic concepts used in this chapter are briefly
explained in Appendix A.

As an example of an elastic tether, a Coulomb formation possesses SO(3) symmetry
because both the kinetic and potential energies are invariant under the SO(3) group actions.
This SO(3) symmetry reduces the dynamics of the spacecraft formation, and the equilibrium
of the reduced dynamics is the relative equilibrium of the formation. If the center of mass

of the formation moves on a great-circle orbit, then the relative equilibrium is called the
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great-circle relative equilibrium. This implies that r.- & = 0; if r.- £ # 0 it is called the

nongreat-circle relative equilibrium!® as shown in Figure 2.2.

Great-circle Equilibrium . Non-great-circle Equilibrium

Figure 2.2: Great-circle and Non-great-circle Equilibria

Using the properties of the Lie algebra g* of SO(3), at relative equilibria there exist
two constant inertial vectors 7., and 7, with respect to O such that r.(t) = eét'rco and

ry(t) = eét'rgo. Therefore at relative equilibrium Eq.(2.5) is reduced to

Moo _ g (2.10)
17 goll

€ére, +
Taking an inner product of Eq. (2.10) with £ gives ry, - & = 0. Consequently, at relative
equilibria, the center of gravity of a spacecraft formation moving in a central gravitational

field traces a great-circle.

2.1.2 Restricted Three-body System

In a three-body system, as shown in Figure 2.3, the spacecrafts are considered to be point
masses moving around the barycenter O under the mutual gravitation of two bodies M;
and M,. The relative equilibrium of the spacecraft formation is introduced by defining a
uniformly rotating frame located at the barycenter O which has a constant orbital angular
velocity of €. A formation moving in a circular orbit that is stationary relative to this

uniformly rotating frame exhibits symmetry with respect to SO(3). If m; and my denote
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the mass of each craft with inertial position vectors Ri;, Ris, Rs; and Rys then using the

three-body relative equations of motion, the inertial second derivative of the vector r, is

M’Fg - (R3 R11+ R R21) (R3 R12+ R R > (211)

where M is the total formation mass, and p; and ps are the gravitational parameters of the

two planets. The inertial position vectors Ry, Ri2, Ro1 and Rgs are expressed in rotating

Figure 2.3: Two-Craft Coulomb Spacecraft Formation (Restricted Three-body System)

coordinates (synodic frame at the barycenter O) such that the distances are invariant under
rotation. The synodic frame S : {€,, &y, €} is rotating around the axis Oz with the constant

angular velocity () defined as

G (M + M,)

Q= pE

(2.12)

where G is the gravity constant and d is the distance between the two planets. The primaries
are at rest in the synodic frame at positions M;(—d;,0,0) and My(ds,0,0). Also, the kinetic
energy of the system is still given by Eq. 2.6 with rotating position vectors r; and 7,
of the craft. In the potential energy expression in Eq. 2.7, the elastic tether potential

ever, the gravitational potential energy V; (1, r2) of the system
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becomes

m Mo my me
Vo (rira) = — L _ + 2.13
s (11,72) & (||7“1 —dyif|  r2 - d1||> e (||7“1 —dof| 2 — d2||) (219)

Since the kinetic and potential energy are invariant under SO(3) actions, the elastic tether
formation moving around the barycenter has SO(3) symmetry. This symmetry helps in the
reduced dynamics by the SO(3) group action and the equilibrium of the reduced dynamics
is the relative equilibrium of the spacecraft formation in the three-body system. Therefore,
similar to the definitions for a two-body system, in a three-body system 7. - & = 0 implies
that the center of mass of the formation moves on a great-circle orbit and hence the relative
equilibrium is called the great-circle relative equilibrium. And, if r. - & # 0 it is called the
nongreat-circle relative equilibrium. Specifically, the elastic tether is modeled using Coulomb
forces and Coulomb tether formations are feasible at Earth-Sun or Earth-Moon Lagrange
points.! However, in the interplanetary space at a distance of 1 AU from the Sun, the
Debye length is much smaller than that in a GEO environment (highest Debye length of
approximately 40 m); therefore, this constrains the maximum possible formation length but
despite the low value of the Debye length, multi-craft equilibrium formations are reported

to exist at the Earth-Sun L1 Lagrange point.'®

2.2 Relative Equilibria of the Static Two-Craft Tether Formation

Since the static two-craft tether formation possesses SO(3) symmetry, the dynamics in the
original phase space of the system is reduced. The relative equilibria of the reduced dynamics
facilitates finding the equilibrium configurations. Given a simple mechanical system with
symmetry (Q,7T,V,G), where @ is the configuration space with G-invariant Riemannian
metric K on @, T is the G-invariant kinetic energy and V is the G-invariant potential
function, and G is the symmetry (Lie) group, then we have the following useful theorem
based on the principle of symmetric criticality.!

Theorem : For a simple dynamical system with symmetry (Q,T,V,G) and the metric

K (q) (vq,vq) = 2T (vq) with v, € TQ (2.14)
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define the augmented potential V; : @ — R,

Vi(a) =V (@) ~ 5K (a) (o () £ (@) (215)

where &q is the infinitesimal generator associated with £&. Then, at relative equilibrium, g,
is a critical point of V, for some § € g*.

Therefore, for the two-craft tether formation the augmented potential function V; is

Ve (r1,m2) = V (r1,72) — % (€ X1, € X 1) — % (€ X g, € X T3) (2.16)

where € € R32 is an arbitrary constant vector. According to the principle of symmetric
criticality, the relative equilibria corresponding to some & is characterized by the critical

points of the augmented potential V.

2.3 Relative Equilibria in the Restricted Two-body System

For the tether spacecraft formation with SO(3) symmetry, the relative equilibrium is one
in a uniformly rotating frame. If the vector & denotes the angular velocity of the uniformly

rotating frame, the augmented potential for the two spacecraft formation is,

m m
N A=)
TN (2.17)

—%<€XT1:€X7‘1>_%<€x""2’€><7'2>

V§ (’1“1,7"2> - =

Then the relative equilibria of the system are characterized by the critical points of the

augmented potential Ve. The first variation of V taken component wise with respect to

q = (r1,7r3) is

DV% (7”1,?"2) . (57“1, 6T2> = pumi———-= H H 1 + UMy ——= ” H 7”2
™ T2

V(I = o) T2 (g — o) (2.18)

|71 — 2]

+my (éé”“l) 0Ty + My (éé”“2> 0T
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If V; = V,, the Coulomb potential, then V, denotes the derivative of Coulomb potential with
respect to ||r; — 72|, which represents the Coulomb force acting between the two crafts.

From Eq. (2.9), V. becomes

/ _lra—rall —
V. (lry = ral) =~k — T2 e TR [1 1 s =l rz\l} (2.19)
[r1 — 72| Ad
Setting DVg (71, T2¢) = 0 we arrive at the following conditions of relative equilibria:
MiT1e ap / Tie — T2e
P Te | iy, + V] 22— T2 _ (2.20a)
e 716 — T2¢]|
r P ) Tie — T
ﬂmg 2e + moférg. — Vt le 2e 0 (220b)
T3¢ 716 — T2¢]|
where 1, = ||r1e]| and 79, = ||72e||. These equations are valid for any elastic tether type

formations and are analogous to those developed in Reference 15 for a spring connected
system. Therefore, the mathematical development to solve for relative equilibria with line-
of-sight elastic forces acting between two spacecraft point masses is similar to that given in
Reference 15.

Now consider a rotation matrix [RN] € SO(3) that maps vectors from an inertial frame
N into a new reference frame R. If we denote the vectors Ry, R3, w in the reference
frame R, then the conditions of relative equilibria given in Eqgs. 2.20 are invariant under the
transformation Ry = [RN]71e, Re = [RN] 72, and w = [RN]&. In order to solve for relative
equilibria, the new reference frame should be chosen such that the number of unknowns are
at minimum in the equilibrium equations. As illustrated in Figure 2.4, a reference frame is
chosen such that the z-axis is parallel to the line connecting the two crafts, with the z-axis
perpendicular to both the vectors 71, and rae, and the y-axis completing the triad.

In the context of the new frame R, the position vectors are expressed as Ry = (x1, y., O)T,

Ry = (22,%.,0)", and w = (wy,ws, w3)". The equilibrium conditions (2.20a) and (2.20b)
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P> N
B

Figure 2.4: The Rotating Reference Frame (Restricted Two-body System)

expressed in scalar form are,

2 2 L1 Vi

— (w5 + w3) T1 + Wiy + t— = ——— 2.21
( 2 3) 1 1W2Y MR? my ( )
W11 — (w% + OJ%) Ye + ,U% =0 (222)

1
(w121 + woye) ws =0 (2.23)
— (W3 + w3) 2 + wiway, + ,u2 = Lt, (2.24)

2 3 c R% Mo .

wiwsTs — (Wi + w3) Yo + ,u% =0 (2.25)

2
(w12 + woye) wg =0 (2.26)

where R; = ||R1]| and Ry = ||R2]|. It is also assumed that z; > 29 and L = z1 — 25 >
0. Further, define R, = (a:c,yc,O)T where z. = (myxq + maxs) / (my + my). Then the

expressions for x1, x5 and y,. are

r1 = .+ moL/ (my + mg) (2.27a)
o = T — myL/ (mq + my) (2.27b)
1/2
L2 (mi —ms\”
2 1 2
.= e I 2.2
w= |2 (ml+m2)] (2.27¢)

www.manharaa.com




26

The relative equilibria of the two craft formation corresponds to solving the equations
(2.21-2.26) for a given set of values for p, my, me, L and R. = ||R.||. Reference 15 presents
great-circle and nongreat-circle equilibrium solutions in the context of a spring force acting
between two point masses. And these equilibrium results are applicable to any elastic force
type such as a Coulomb force acting between the craft. Therefore, such results are utilized
to investigate the relative equilibria of elastic tether formation for a range of spacecraft
separation distances and semi-major axes. The great-circle and nongreat-circle equilibrium
solutions are summarized here and Reference 15 provides the details of the derivations.

Case la. Setting ws # 0 in the equilibrium conditions and using y. # 0 yields an

along-track equilibrium solution (Figure 2.5(a))

R, = (%L,yc,O)T, R, = (—%L,yc,O)T, w= (0,0,W3)T

Yo = Re, w} = L5 and V, = 0.
Case 1b. Setting w3 # 0 and y. = 0 gives a radial equilibrium solution (Figure 2.5(b))

Ry = (21,0,0)", Ry = (22,0,0)", w = (0,0,ws)"
’ mima (a3 —ax3
Wgz(#(m—zl+m—§> and V _ pmime\TiTv2) 2(af—o3) = 0.

mi+ma)Re \ xF x5 (ml—i—mg)m%z%Rc
Case 1c. Similarly, w3 = 0,y. # 0, and Ry = Ry yields orbit normal equilibrium (Figure
2.5(¢))

Rl = (%Laycao)Ta R2 = (_%L7y070)T7 W = (wl?O’O)T

_ _ 2 I pmi L
ml_m27yc_RC7w1_-R&37‘/t__2Rl3 <O

Case 2. Setting w3 = 0,y. # 0, Ry # Ry gives nongreat-circle equilibrium solution
(Figure 2.5(d)) As in Reference 15, manipulating Eqs. (2.21-2.26) yields the condition z.w;+
Yews # 0, or equivalently, R, - w # 0. This analytically proves that for the given conditions
in Case 2 there is no great-circle equilibria. Additionally, Reference 15 shows that nongreat-
circle equilibria exist only if m; # msy. For instance, Coulomb formations allow very lumpy
distribution of masses and thus, these nongreat-circle equilibria conditions are of interest.

Therefore, the nongreat-circle equilibrium conditions are

Rl — (xla Ye, O)T 5 R2 = (xZa Ye,s O)T , W = (wb W2, O)T (228)

www.manaraa.com



27

a. Tangential b. Radial
® ®
Circular Orbit m,
. WA N e A,
. Y . N X T m, Y,
M o N ' O S
“~..- X—__— ~'. ---------------- -
\; -------- m \—>

c. Orbit normal d. Non-great-circle
®
ml
z q, YR:
X 06
NN xC
m,

o :

Figure 2.5: Relative Equilibrium Solutions

and
f=fufi+ fyf2=0 (2.29)
where
f . miTy ™Moo
© R R3
_T2

fo= (B 2
AR TR

1 1
fz—(ﬁ?—R—%>yc
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Therefore, f written in terms of mq, ms, Ry, Rs, x., y. and L is

L?*mim m My — M m
_ 2 2 1M 1 2 1 2
I= (I T Gy +m2>2) (ﬁ TR ﬁ) (2:30)

r.L mi; Mo dmyimo
_— — — = — | ——=1]=0 2.31
* my + my ((m2 ) <R? RS) R3R} ) (2:31)

The solutions of Eq. (2.30) provide the nongreat-circle equilibria. This formulation of the
nongreat-circle equilibria is independent of tether force between the spacecraft and is thus
useful for analyzing the equilibria for a range of spacecraft separation distances from LEO
to GEO heights. In order to simplify the solution methodology, Eq. (2.30) is expressed in
terms of one variable #, the angle between R, and the x-axis of the rotating frame as shown
in Figure 2.5(d). Therefore, let z. = R.cos(f) and y. = R.sin(f). Plugging in these z. and
y. values into Eq. (2.30) yields a function of 6 for given values of u, my, mo, L and R.. Since

f(0) is a continuous function for a tether formation on [0, 7], with (R, >> L) and f(0) < 0,

4©)

20 > (0 on

f(m) > 0, there exists at least one solution for f(¢) = 0. Furthermore, since
[0, 7], this solution is unique. The actual deflection angle, ¢, from the vertical is computed
from the angle between x-axis and w, while § — ¢ is the angle between w and R.. The
deflection angle ¢ and error ¢ are shown in Figure 2.5(d) where the error § is defined to be
0 — ¢ —90°.

Reference 15 discusses the existence of nongreat-circle equilibria for long tethers. For
spacecraft that are separated by 350 km at LEO a deflection of about 1 degree from the
vertical to the orbital plane is observed. For instance, Table 2.1 shows the results of f(6) =0
for LEO where R, = 7000 km and L = 350 km. The error § # 0 numerically proves the

existence of nongreat-circle equilibria for long tethers. To gain further insights, the effect

Table 2.1: Non-great-circle Relative Equilibria at LEO'?

Ly (kg) [ma (kg) | O (deg) [ ¢ (deg) | 0 (deg) |
| 100 [ 9900 [91.052659 | 1.052684 | —0.000026048 |
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of nongreat-circle equilibria on a two-craft formation is studied as a function of spacecraft

separation distance L and mass distribution ratio x defined as

ma
- - 2.32
X my -+ My ( )

The spacecraft separation distances range from 10 m to 1000 km and formation center of
mass distances from LEO to GEO heights. The contour plots shown in Figure 2.6 indicate
that increasing the semi-major axes R, while holding L fixed leads to a decrease in deflection.
However, fixing R. and allowing L to increase leads to an increase in deflections. As the
spacecraft formation becomes more asymmetric, the contour plots show that as spacecraft
separation distances L reach 1000 km, deflections of up to the order of 10 degrees are ob-
served. Therefore, large separation distances and mass asymmetry has an effect at LEO to
GEO heights; however, for tether formation separation distances on the order of hundreds
of meters, the deflection from normal is less than 107% degrees, and mass asymmetry also
showed negligible effect on the attitude deflection. Even for a case where there is a 1:10,000
mass ratio, the nongreat-circle equilibria deflection from low earth orbits to geostationary
orbits is less than 107° degrees. Evaluating Eq. (2.30) yields very small function values (on
the order of 107'?) and hence the solutions are limited to a lower bound of 107 degrees.
This numerically unresolved region is shown as "noise” pattern in Figure 2.6. However, this
degree of accuracy is sufficient to ignore the effect of orbit-attitude coupling for short tether
formation separation distances. Specifically, for Coulomb formation separation distances on
the order of dozens of meters at GEO, thus ignoring orbit-attitude coupling, the use of nu-
merical search algorithms such as evolutionary search strategies is justified in the search for

static Coulomb structures.
2.4 Relative Equilibria in the Restricted Three-body System

In a restricted three-body system for the Coulomb spacecraft formation with SO(3) sym-
metry, the relative equilibrium is one in a uniformly rotating frame. If the vector £ denotes

the angular velocity of the uniformly rotating frame located at barycenter O, the augmented
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Figure 2.6: Deflection for an Asymmetric Mass Distribution in Circular Earth Orbits [deg]

potential for the two spacecraft formation is

my ma m M
Vel(ry,re) = — + - +
¢ (ra,a) “1(||r1—d1|| ||r2—d1||) “2(||n—dz|| ||rz—dzli> (2.33)

Vil —rall) = G (€ X 0.6 x 1)

_7<£X"‘27€X’P2>

In this case, the relative equilibria of the system are characterized by the critical points of

the augmented potential V¢. The first variation of V; taken component wise with respect to
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q = (r1,7r3) is

ry—d re —d
DV, (r1,72) - (671,012) = Mlmll—lg 6Py + Mlm22—13 Sy
Iy — il 72— dil
ri—d ro—d
+ ,u2m11—23 < ory + oMo 2 2 3 0ro
Irs = | 2 — | (2.34)
T1 — To

+V, (llrs — 72l)) (0r1 — 0r2)

|71 — 72|

+my <£érl) < 0Ty + My <£é7"2> 0T

If V; = V., the Coulomb potential, then V, is given by Eq. (2.19). Setting DV (r1e,T2¢) = 0

leads to the following relative equilibria conditions:

T1e — d; T1e — do 22 1 Tie — T2e
11y —+ oMy ———= + m1€£’r’16 +V, ———— =0 (235&)
|71e —d1||3 ||”’1e—Cl2||3 ! [71e — T2¢]|
T2e — dj T2¢ — do P 1 Tie — T2e
My —————= + oMy —————= + M€€roe — V, ————— =0 (2.35b)
H'I‘ze—leg H'I‘ze —d2H3 N t H""le _TZeH

The vectors Ry, Ris, Ry and Ry shown in Figure 2.3 are represented in terms of 71, 72,

d,, and d, as

Ry, =711 — dy, Ry =11 — dy

(2.36)
Ry = 7re — dy, Ry =12 — dy
Therefore, Eqs. (2.35a) and (2.35b) become
T1ie — d; T1e — do op 1 Tie — T2e
U1 ———— + [y +mi&érie+V,———— =0 (2.37&)
Rzlil R:1))2 ! [71e — T2¢]|
T2e — dl T2e — d2 22 1 Tie — T2e
1My ———— + UMy ——5—— + mQEE'rze - V 7 — 0 (237b)
R%l R§2 ! [71e — T2el

where Ry = HRHH, Ryp = ||R12||; Ry = ||R21|| and Ry = HR22||-
Now consider a rotation matrix [F'S] € SO(3) that maps vectors from a synodic frame
S into a new reference frame F. If we denote the vectors Ry, Rs, w in the reference

frame S, then the conditions of relative equilibria given in Eqs. 2.37 are invariant under

the transformation Ry = [F'S]|71e, Ra = [F'S]| 72, and w = [F'S] €. As illustrated in Figure
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Figure 2.7: The Rotating Reference Frame (Restricted Three-body System)

2.7, a reference frame is chosen such that the x-axis is parallel to the line connecting the
two crafts, the z-axis being perpendicular to both the vectors ri, and rs., and the y-axis
completing the triad. Also, let « be the angle in the orbit plane between the two frames S
and F.

In the context of the new frame F', the position vectors are expressed as Ry = (1, Ye, O)T,
Ry, = (xz,yc,O)T, and w = (wl,wz,wg)T. The vectors d; and ds in the F' frame become
(—d;y cosy, —dysin,0) and (dycos~y,dysiny,0). Now the equilibrium conditions (2.37a)
and (2.37b) expressed in scalar form are given below. It is also assumed that z; > x9 and let
L = x1 — x5 > 0. Further, define R, = (xc,yc,O)T where z. = (mix; + maxs) / (my + mg).

The expressions for z1, r9 and y,. are given in Eqs. 2.27.
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9 9 x1 + dy cosvy — dycos7y |74
_ (w2 + w3) T+ wiwale + 1 ( I ) + uo ( R, ) e~ (2.38)
. + dj sin . — ds sin
W11 — (w% + w;f) Ye + 1251 Y :1,) 7 + 2 Y § 7 =0 (239)
Ry Ry,
(w121 + waye) wz = 0 (2.40)
o + dy cos — dy cos A
— (W) + w3) w2 + Wiy + ( 2 31, fy) + ph2 ( ; 7) =L (2.41)
Ry, Ry, 2
. + dj sin . — dg sin
W1y — (w% + w%) Ye + 41 4 ; 7 + U2 Y ; 7 =0 (242)
Ry, R,
(w1Te 4+ woye) wg = 0 (2.43)

Determining the relative equilibria of the two craft formation corresponds to solving the
equations (2.38-2.43) for a given set of values for i, po, my, mo, L and R. = || R.||. Since
there are more unknowns than the number of equations, certain constraints are needed in
order to find the relative equilibria. For libration point missions, the frame rotates at a
constant angular velocity €2 given in Eq. 2.12. Let us consider angular velocity constraints
wy =N #0 (Case 1) and wsy = 0 (Case 2).

Case 1. As w3 # 0 Eq. (2.40) implies (w121 + woy.) = 0 and x; # 0 due to the adopted
frame which indicates that w; = 0 and woy. = 0. Using the conditions w3 # 0 and w; = 0 in

equations (2.39) and (2.42) and subtracting one from the other gives rise to

1 1 . 1 1 )
[#1 (R_i’l - R_é”l) (Yo + dy siny) + o (R—% — R_§2) (Y — dasin 7)} =0 (2.44)

From Eq. (2.44), two more conditions arise, y. + dysiny # 0 and y. — dysiny # 0, or
Ye + dysiny = 0 and y. — dysiny = 0. Therefore, the conditions for relative equilibria are
further expressed as Case la and Case 1b.

Case 1a. wy =0, w3 # 0, way. =0, y. + dy siny # 0 and y. — dysiny # 0.

Here, y. + dysiny # 0 implies that y. # 0 and v # 0. This forces wy = 0 and Eq.
(2.44) yields Ry; = R9; and Rjs = Rys. Applying these conditions to Egs. (2.38) and (2.41)
and dividing by the other results in the conditions (m;x; + mozy) = 0 and v = 90 degrees.
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Therefore the along-track equilibrium solutions in the context of a restricted three-body

system (circular orbits) are

Rl = (%L7yC7O)T7 R2 = (_%L7yC7O)T7 w = (07O7Q)T
/ mimaL
go = Royand V; = —zumale (4 g ) — )

T (mitma)

Since R, -w = 0, this is a great-circle relative equilibrium. However, in the context of a
restricted three-body system, for any of the collinear libration points it can be shown that
0 < -1% + -1%, which implies that V; < 0 (compressive elastic force). For any of the
triangular libration points it can be shown that Q2 > E“i}rl + E’%, which implies that th >0
(tensile elastic force). For example, Figure 2.8 shows the along-track equilibrium solutions
at a collinear (Ly) and a triangular (L) libration point. In particular, for a Coulomb tether,
Eq.(2.19) indicates that the two spacecraft masses must be charged with same polarity at

the collinear libration points and must be charged with opposite polarity at the triangular

libration points.

L,

Figure 2.8: Along-track Relative Equilibrium at Libration Points

Case 1b. w1 =0, w3 =02 #0, woy. =0, y. + dysiny =0 and y. — dysiny = 0.
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Assuming that z; > x5 > 0 for a tether formation and since w3 # 0 and y. + d; siny =
0,y. — dysiny = 0 implies that y. = 0 and v = 0 for collinear libration points. However, for
Earth-Moon triangular libration points y. = 0 and v = 60.31 degrees, appropriate values of
Ri1, Ria, Ro1 and Ray should satisfy Eq. (2.44). Therefore, for any libration point, from Eq.
(2.40) one can set wy = 0 and wy = 0. With these conditions, Egs. (2.38) to (2.43) reduce to

dy  pads %4
04 BL o 2 fadi -t 2.45
( - R " Ry ) n R} R, my ( )
di  pedy V)
0+ £L 4 12 i i R 2.45h
( - R " R ) 2t R%l R§2 mo ( )

Solving these equations yields a radial relative equilibrium with the tether forces directed

along the radial axis. The equilibrium solution configuration is

R, = (21,0,0)", Ry = (2,0,0)", w = (0,0,Q)"
" 2 1 1
V= (90— (d — wy) e (s — )
Since xy > x9, from Eq. (2.36) it can be shown for a radial equilibrium that Rj; > R
and Ris > Ryy for both the collinear and triangular libration points, indicating that Vt/ > 0.
Again, R, - w = 0 is a great-circle relative equilibrium as shown in Figure 2.9. This implies
that there is a tensile elastic force acting between the two masses along the radial direction
when the formation is at any of the libration points. Hence, for a Coulomb tether, V; > 0
indicates that the two spacecraft masses must be charged with opposite polarity.

Case 2. w3 = 0. The relative equilibrium equations reduce to

x1 + d cos 21 — dy cos
—Wy 1 + WiWale + ( : 1 7) + 2 ( — § 7) = (2-463)
Ry, m
et d sin . — dg sin
WiWaT1 — WiYe + [ (y 1 7) + p2 <y § 7) =0 (2.46b)
Ry,
T +d cos T dsy cos |74
—W3Ty + WiWaYe + 1 < = 1 7) + 2 ( = 32, 7) =t (2.46¢)
Ry, 2
. + di sin . — dysin
WiwaTs — WiYe + [ (%) + p2 <¥> =0 (2.46d)
Ry, Ry,
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L,

Figure 2.9: Radial Relative Equilibrium at Libration Points

Setting y. + dysiny = 0 and y. — da siny = 0, the equilibrium conditions yield radial equi-
librium solutions as seen in Case 1b, but with w3 replaced by ws. Therefore, we consider
only the case where y. + d; siny # 0 and y. — do siny # 0. Furthermore, it is assumed that
Ri1 = Ry and Ry = Ry (Case 2a) as well as Ry; # Ry and Ry # Ray (Case 2b).

Case 2a. w3 =0, R11 = Ry1, Rio = Ry, Y. + dysiny # 0 and y. — dysin~y # 0.

Using y. + dysiny # 0 and y, — dysiny # 0 yields R;; = Ry and Rys = Rao, giving the
condition z; = —x9. Eqs. (2.46b) and (2.46d) imply that w; # 0; additionally, set w; =
and we = 0. Then, using x; = —x9 and wy = 0 in Eqgs. (2.46a) and (2.46¢) yields m; = myq

as the only possible condition. As a result, the equilibrium solutions obtained are

Rl = (%L,yc,O)T7 R2 = (_%LMyC?O)T? w = (Q’O7O)T

_ _ I mimalL M1 H2
my = Mg, Yo = Rc; ‘/;5 - _(m1+m2) (REH' + TRlQ <0

These orbit normal equilibrium solutions are applicable for both triangular and collinear
libration points. Specifically, for triangular libration points Ri; = R = Ri2 = Rao holds

true. Since R.-w = 0, once again this is a great-circle relative equilibrium. Since Vt' < 0,
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there is a compressive elastic force acting between the two masses perpendicular to the
orbital plane and the two masses are equal and equidistant from the barycenter. Figure 2.10
specifically, illustrates this for a collinear (Ly) and a triangular (L,) libration point. For a
Coulomb formation, since VC/ < 0, the two spacecraft masses must be charged with the same

polarity.

Figure 2.10: Orbit Normal Relative Equilibrium at Libration Points

Case 2b. w3 =0, Ry # Ra1, Ry # Roy, Yo+ dysiny # 0 and y. — dysiny # 0.
Assuming that the F' frame is aligned with the orbit normal configuration gives v = 90

degrees. Solving Eqgs. (2.46b) and (2.46d) yields
(g — Lk S e T (N S B
== (5 7 ) - (7 + 7))
+pdy (= 1) 1, (— 40
w7, = ;) e (g~ 7

which implies that wy # 0 and wy # 0. Combining Eqgs. (2.46a) and (2.46¢)

(2.47)

(ml + mz) (wzxc — W1yc) Wo = M1 (gl + ;;2 ) + Moo (51 + g—2> #0 (2.48)

Eq. (2.48) implies that (woz. — wiy.) # 0. Multiplying Eq. (2.46b) by m; and (2.46d) by
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mso and adding the resulting equations gives

— (mq + my) (Wae — wiye) w1 = (ml <£ + ﬁ) + Mo <£ + £)> Ye

R%l R:]S.Q R%l R%Q (2 49)
N1d1 /~b2d2> (Mldl M2d2> .
+my | — +mo | 5 — #0
1 < Ry, RL) U\ BRhL R
Defining f, and f, to be
miT Mmoo miT Mmoo
fm=u1< + )+u2 (—+ );«éo (2.50)
Ry, R Ry, R3,
m m m m
fy= (/~L1 (—31+—32> + 2 (—31+—32>)yc
Ry, Ry Ri, Ry (2.51)
o (ul_dl _ u2d2> oy (m_dl _ M_dz) 40
Ry, Ry R3, B3,
The ratio of Egs. (2.48) and (2.49) becomes
) fm
— == 2.52
o, (2.52)
Eliminating wy and wy from Eqgs. (2.47), (2.48) and (2.49) yields
f=rfafi+ fyf2=0 (2.53)
where
(e (s
hee () o (5 1)
fidy /~L2d2> <M2d2 M1d1>) 1
+ v | /5 — +x - —
( i < R, Rh) T'\Bh Ri/))u
and

n pady  pods N pods  pudy
R}, R} R R
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The solutions of Eq. (2.53) give the nongreat-circle equilibria and it can be shown that
such nongreat-circle equilibria exist only if m; # msy. The nongreat-circle equilibria for-
mulation is independent of the tether force between the spacecraft and is thus useful for
analyzing the equilibria for a range of spacecraft separation distances with the formation at
the libration points. Similar to the solution procedure followed for a two-body system, Eq.
(2.53) is expressed in terms of one variable 6, the angle between R, and the x-axis of the
rotating frame.

At the Earth-Moon collinear libration points, the effect of nongreat-circle equilibria on
a two-craft formation is studied as a function of spacecraft separation distance L and mass
distribution ratio x defined in Eq. (2.32). The spacecraft separation distances range from 10
m to 5000 km with the formation center of mass distances fixed at the libration points L,
Lo, and L3. Figure 2.11 shows the numerical solutions for a range of spacecraft separation
distances. For spacecraft separated by more than 5000 km at L; and Lo, a deflection of
about 1 degree from the vertical to the orbital plane is observed. For such large separation
distances, a deflection of about 10 degrees is observed at Lz. This is due to L3 being close to
Earth compared to that of L; and Ly. On the other hand, for short separation distances the
deflection becomes negligible. For instance, Coulomb formations are feasible at the libration
points with the spacecraft separation distances ranging from 10m to 30m due to the reduced
range of the Debye length. As shown in Figure 2.11(a), for Coulomb formation distances at
Ly, Ly and L3, the deflection from normal is less than 107¢ degrees. From Figure 2.11(b),
mass asymmetry of the two craft also yielded negligible effect on the attitude deflection
at such short separation distances. Consequently, at libration points, although the orbit-
attitude coupling effects dominate for large spacecraft separation distances on the order of
thousands of kilometers such effects can be ignored for short separation distances such as in

Coulomb formations.
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Figure 2.11: Deflection for an Asymmetric Mass Distribution at Libration Points [deg]

2.5 Summary

In this chapter, the relative equilibria of a two-craft formation moving in a two-body system
and a three-body system are discussed. A general framework of two-craft connected by an
elastic tether force is studied in this chapter with an emphasis on a virtual Coulomb tether
as a special case. The orbit-attitude coupling effects should be considered for large space-
craft separation distances; for LEO, greater than tens of kilometers, for GEO, hundreds of
kilometers, and at libration points, tens of thousands of kilometers. Such coupling effects
can be ignored for shorter spacecraft separation distances. For example, previous Coulomb
formation flying work used the simple principle axes condition. The negligible nongreat-
circle effects shown in this chapter for smaller inter-craft separation distances validates this
assumption for Coulomb tether applications. Consequently, for a charged two-craft forma-
tion, the principal axis condition is very good for genetic algorithms which seek approximate
equilibrium answers. However, for full non-linear solutions, these effects can be taken into
consideration. Moreover, this chapter presents the relative equilibria of a two-craft formation
at all five libration points and also numerically shows that nongreat-circle effects exist at the
Earth-Moon collinear libration points. Interestingly, in the restricted three-body system, a
tether force is required for the along-track equilibrium, however, no tether force is necessary
in the restricted two-body system. Furthermore, the results obtained in this chapter could

be used to investigate the linearized dynamics and stability of a 2-craft Coulomb tether
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formation at libration points.
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Chapter 3

ORBIT RADIAL DYNAMIC ANALYSIS OF A TWO-CRAFT
COULOMB FORMATION AT LIBRATION POINTS

In this chapter, the linearized orbit-radial dynamics and stability analysis of a 2-craft
virtual Coulomb structure at Earth-Moon libration points are investigated. Reference 45
presents three relative equilibria of the charged 2-craft problem at libration points (orbit-
radial, along-track and orbit-normal). Figure 3.1 shows the orbit-radial equilibrium at Earth-

Moon libration points.

L,

Figure 3.1: Radial Relative Equilibrium at Libration Points

The goal of this chapter is to study the orbit radial dynamics and stability conditions at
the libration points and to investigate the presence of any cross-coupling effects that may
not exist for circular orbits at GEO. The relative distance between the two satellites of the
Coulomb tether is controlled using electrostatic Coulomb forces. In order to stabilize the
formation shape at the libration points, a similar active charge feedback law, introduced in

Reference b for the study.of the linear dynamics of orbit radial 2-craft formations at GEO,
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is applied at the libration point scenario. First the nonlinear and linearized equations of
motion are investigated. Of interest is how these compare to the earlier circular GEO orbit
results, and if these can be generalized into a single mathematical framework. To stabilize
the separation distance, a partial-state charge feedback control law (separation distance and
separation rate only) is studied, followed by a linear stability analysis of coupled attitude
and separation distance dynamics. Furthermore, an alternate linear, full-state feedback
control law (in-plane attitude, separation distance, and their rates) is investigated for a
radial equilibrium two-craft Coulomb tether formation at a collinear libration point. The
linearized analytical results are then compared to nonlinear numerical simulations to validate
the control performance results. In the presence of differential solar drag perturbations,
a Lyapunov feedback controller is designed for stabilizing a radial equilibrium two-craft

Coulomb formation at collinear libration points.
3.1 Linear Dynamics and Stability Analysis - Collinear Libration Points

3.1.1 Charged Relative Equations of Motion

The linearized equations of motion for a two spacecraft Coulomb formation at a collinear
Earth-Moon libration point are briefly derived in this section. The characteristics of the
frames involved in the analysis and the notation used are summarized.

Let M; and M, be the dominant masses of the two gravitational primaries, Earth and
Moon. As shown in Figure 3.2, if O is the center of mass of both primaries, any non-rotating
frame with origin at O is considered as an inertial frame. The circular relative motion of
primaries occurs in a plane with angular rotation axis. The synodic frame S : {€,, éy, €3} is

rotating around the O — z axis with the constant angular velocity €2 defined as

G (M; + M,)

Q= 7

(3.1)

Here G is the gravity constant and d is the distance between the two primaries. The
primaries are at rest in the synodic frame at positions Mj(—dy,0,0) and Ms(ds,0,0). If

70 = [Tags Tyos Tx) © 18 the position vector in the synodic frame S of a collinear libration point
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with respect to the barycenter O, then the two distance vectors of a collinear libration point

from the two primaries in the plane are

Txo + dl r:l‘o - d2
SR, = 0 and ‘R, = 0 (3.2)
0 0

L,

Figure 3.2: Stationary Libration points

In order to describe the relative motion of the satellite with respect to the formation
center of mass, a rotating Hill orbit frame O : {6,, 0y, 6,} whose origin coincides with Lo
libration point is chosen as shown in Figure 4.2. The formation center of mass is assumed to
be at the origin of this rotating Cartesian coordinate system and the relative position vector
of the i*" satellite is defined as p; = (x4, yi, zi)T; where the x; component is in the 0, direction
(orbit radial), the y; component is in the 6y direction of orbital velocity (along-track), and

the component z; is in the 0y, direction (orbit normal). Since the orbit frame origin coincides
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with the formation center of mass, the center of mass condition is defined as

mip1 + MmMaopP2 = 0 (33)

where m; is the satellite mass. Also, for a collinear libration point, the orbit frame and
the synodic frames coincide so that the position vectors R; and R, are equivalent in both

frames.

>

016-’ P @-»
Yoo
=D
w

Figure 3.3: Euler Angles Representing the Attitude of Coulomb Tether with Respect to the
Orbit Frame at Lo

If the two-craft formation is treated as a rigid body and aligned in the radial direction,
then, for this orbit nadir aligned formation, consider a body-fixed coordinate frame B :
{61, 132, 133} where 51 is aligned with the relative position vector p; of mass my. Therefore,
in this configuration, the O and B frame orientation vectors are exactly aligned and p; in a

body-fixed frame is given by

pr= "2 Lb + 0by + 0by (3.4)
mi + Mo

where L is the distance between the satellites 1 and 2. Let the 3-2-1 Euler angles (1,6, ¢)
be the pitch, roll and yaw angles which represent the relative attitude between the B and O
frames. From the point-mass assumption of the two-craft, the yaw rotation about b, (angle

¢) can be ignored. Then the direction cosine matrix [BO(%, #)] that relates the O frame to
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B frame is given by

cosfcosy  cosf siny  —sinf
[BO] = | —sinwy cos 1) 0 (3.5)
sinf cosy  sin# siny cos

Consequently, the position vector of mass my in the O frame is written as

1 12 cos 6 cos
mi+msa m2L
©py = = [BO)" - i 3.6
P1 (1 [BO) 0 —— cos 0 sin1) (3.6)
21 0 —sinf

Using Eq. (3.3), the position vector of mass my in the O frame becomes

T —cosf cosy
o my L .
_ _ _ 3.7
P2 Yo p—— cos 0 sin (3.7)
29 sin 6

Furthermore, using the transport theorem,'* the inertial velocity of mass m, expressed in

the O frame components becomes

&; — Qy;
“vi= |+ Q@ +r.) (3.8)
Z;

The center of mass position vector 7. is assumed to have a constant orbital rate of 2. The

kinetic energy of the system is given by

1
T = §m1 V1V + §m2 Va2 - Uy (39)
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Using Egs. (3.6) - (3.8), Eq. (3.9) is rewritten as

_ 1 mamy [[? + L6 + (¢ + Q)2 cos? 0)] + % (m1 + ma) Q%2 (3.10)

B §m1 + mo

The gravitational potential energy of the two-craft formation due to the two planets is

my mo my mo
V. =—-GM + — GM. + 3.11
g 1(|R1+p1| |R1+p2|> 2(|R2+p1| |R2+p2|) (3.11)

Substituting u; = GMy, us = GMy, p1 = —22—Lt,, and ps = —"2—Lts, the expression

mi+ma mi1+ma

for expanded in a Taylor series about the equilibrium point, and retaining up to the

1
[Ri+p1]

second order terms of R%, becomes

CR N 2 LY oty (2 L2(3(u t)? —1)
|R1+p1|_R1 my +mo \ Ry A my + Mo R LA

(3.12)

where
t1 = cosf cos b, + cosf sin 6y — sin b oy, (3.13)
to = —cos B cos b, — cosB siny Oy + sin 6 oy, (3.14)

and wuq, us are the unit vectors in the direction of R; and Rs.

After carrying out similar approximations for the other terms in Eq. (3.11), V; finally

becomes

v, = {<m1+m2>+1M (£) 6w - 1>}

Ry 2 (my +mp)
1 N\ (3.15)
M2 myms 2
_E{(m1+m2)+§m (E) (3 (uz - t2) _1)}
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and the Coulomb potential for the two-craft formation is'
V., = kﬂl—Lqu*L/Ad (3.16)

where ¢; is the satellite charge and the parameter k. = 8.99 x 10° Nm?/C? is Coulomb’s
constant. The exponential term in the Coulomb potential depends on the Debye length
parameter Ay which controls the electrostatic field strength of plasma shielding between the
craft. At Geostationary Orbits (GEO) the Debye length varies between 80-1400 m, with
a mean of about 180 m.” In the interplanetary space at Earth-moon libration points, the
Debye length varies between 10-40 m.»*® Note that the simple point charge electrostatic field
formulation in Eq. (3.16) assumes that the vehicle potential is small compared to the local
plasma temperature. As discussed in Reference 42, this charge shielding formulation forms
a conservative lower bound on the actual electrostatic force created between two charged
bodies. For example, assuming an actual Debye length of 4 meters causes and 1 meter
diameter spheres at 30 kV yields effective Debye lengths Ay which are 3 times larger. As a
result, because we are considering kilo-Volt levels of potential, the effective Debye lengths in
deep space still yield charged relative motion dynamics that are primarily influenced through
classical electrostatics.

The non-linear equations of motion are deduced from the Lagrangian £ =T — (V, + V)

of the system in the following form

doc oL
atdg  og =

¢ =(0,0,L) (i=1...3)

(3.17)

where Q; is the generalized force in the ¢th degree of freedom excluding gravitational effects.
For the circularly restricted three-body system, using Egs. (3.10), (3.15) and (3.16) in
Eq. (3.17), the nonlinear equations governing the roll angle 6 out of the orbital plane, the
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pitch angle v in the orbital plane, and the separation distance L become

0+ 29% + cos Osin (¢ + Q)2 + 3020 cos? ) =0 (3.18a)

: : L
Y — (v +Q)(20tand — 2z) +3Q% sinycosy =0 (3.18b)
ke -1 mqy+my

L—L(6*+ (¥ + Q)%cos?0 — Q%0(1 — 3cos? O cos? ) + e R 0 (3.18¢)
where Q) = q1¢qo, v = Ml]\fMQ, 1—v= Mlj‘fMQ and
v Y >0 (3.19)
o= - :
| =+ 3 |2 — 14y

d d

is a positive constant that depends on the collinear Lagrangian point chosen. The equations
of motion Eq. (3.18) are coupled non-linear ordinary differential equations that define the
motion of a two-craft Coulomb formation at any of the three collinear Lagrangian points.
If the two-craft formation is aligned in the radial direction, the formation remains stat-
ically fixed relative to the rotating orbiting frame O provided the non-linear equations

Eq. (3.18) satisfy the following radial equilibrium conditions
0 —f—pmf—f—f—F=0 and LI (3.20)

Eq. (3.18¢) provides the nominal product of charges Q.ef = ¢1¢2 needed to achieve this static

Coulomb formation as

L3
Qref = — (20 4+ 1) oz M2 (3.21)

k. mi 4+ mo

Thus, the satellites appear frozen with respect to the rotating frame when the charge prod-
uct Qrer satisfies Eq. (3.21). Since the charge product term is negative it implies that the
spacecraft charges will have opposite charge signs and also, an infinite number of charge
pairs can satisfy Q. = ¢1¢2. Although unequal charges are possible between the two crafts,
in this study, the charge magnitudes are set equal.

The linearized version of the nonlinear equations Eq. (3.18) are obtained by applying a
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Taylor series expansion about the equilibrium states given in Eq. (3.20). Both the roll and
pitch equations of motion are linearized about small roll and pitch angles respectively. The
separation distance equations of motion are linearized about small variations in L as well

as about small variations in the product charge term () as follows

L= Lyt+6L (3.22a)

Q = Qref + 5@ (322b)

where mission requirements determine the reference separation length L., and Qe is
determined through the constraint Eq. (3.21) for a particular choice of L. Performing the

necessary linearizations yields

0+ (1+30)2%0 =0 (3.23a)
. 920 .
Y+ 7 SL+30Q%) =0 (3.23b)
ref
. : k. 1
5L — 20L,o) — 3(20 + 1)Q25L — (mc FW)&Q —0 (3.23¢)
1 Href 2

Thus, Egs. (3.23a) and (3.23b) are the linearized attitude dynamics of the Coulomb tether
body frame B and Eq. (3.23c) is the linearized separation distance differential equation about
the static nadir reference configuration at a collinear libration point.

Interestingly, for o = 17, the equations turn out to be the same equations that were found
in Reference 5 for orbit radial 2-craft formation at GEO. Thus, the linearized equations of
motion for small motions about orbit radial equilibria in Egs. (3.23) form a general framework
that covers both circular GEO and collinear libration point departure motion. By changing
the constant o either motion is described. Furthermore, in Eq. (3.23c) the stiffness term on 6 L
is the only difference in the separation distance differential equation from Reference 5. Thus,
the equations of motion are slightly different at a collinear libration point, but no significant
changes in the stability behavior are expected. And, note that Eq. (3.23c) provides the
necessary relationship between the change in relative separation of the satellites d L and the

additional charge product Q) required.
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It is inferred from these equations that the out-of-plane motion 0(¢) is uncoupled from
the in-plane motion (¢ (¢) and dL(¢)) and is analogous to that of simple oscillatory motion
because of the gravity gradient torques due to the two planets. Also, in this linearized
analysis, the decoupling of the roll motion 6(t) from 1 (t), JL(t) and 6Q(t) prevents the
control of roll motion using Coulomb charge. Moreover, in a special case where the satellites
are at rest with no Coulomb force between them (Q = 6Q(t) = 1) = 0), Eq. (3.23¢) simplifies
to that of an unstable oscillator. Therefore, without any active Coulomb force, the two-craft
formation cannot stay at the specified locations. Furthermore, § L(t) is coupled to the body
frame pitch rate () and the pitch motion 1(t) is coupled with the §L(t)) motion which

may make it possible to control the charge for asymptotic stabilization. This coupling effect

is analytically proven in the next section using the controllability properties.

3.1.2  Feedback Control Development

Under the influence of external disturbances such as solar radiation pressure, the two-craft
formation deviates from the desired radial equilibrium configuration. Because the deviations
from the desired equilibrium configuration are small, linear control design techniques are
used to stabilize the in-plane motion without exceeding the charge requirements. In this
section, two control laws are designed and compared which are used to control the in-plane
motion. First, the in-plane motion is controlled with Coulomb forces using a partial-state
charge feedback control defining the small charge product variation with a proportional-
derivative feedback control of small separation distances. The Coulomb force acts along the
relative position vector due to the charges of each craft and thus, these Coulomb charges can
be used to control the spacecraft separation distance. Second, using state space methods,
a full-state feedback control is designed to control the combined attitude and separation

distance. Full-state feedback control could be used for tighter mission requirements.
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3.1.2.1 Charge Feedback Control

A proportional-derivative feedback control of L is designed by defining®

2

L .
T2 et (00§ L — CyoL) (3.24)

5Q - (m1 + m2) kc

Substituting this expression for 6@ in Eq. (3.23c), the closed-loop separation distance dy-

namics become
OL + (Cy — 3(20 + 1)Q)L + Co0L — (2QL,ee)t) = 0 (3.25)

Since the 6L differential equation does not involve a § L damping term, the derivative feedback
is essential for asymptotic convergence. This charge feedback control law is implemented by
determining the charges ¢; and ¢o. Since @ = ¢1¢2, using Eq. (3.22b), the spacecraft charges

must satisfy

9192 = Qref + 0Q) (3.26)

where Q. value is evaluated from Eq. (3.21) while 6Q) value is given by the charge feedback
law expression in Eq. (3.24). Due to the above constraint yielding an infinite number of
solutions, the following implementation is used where equal charges in magnitude across the

craft are chosen.

71 =V |Qret + 0Q)| (3.27)

@ =—qQ (3.28)

Because 0Q) < Qe and Qe < 0, note that here Qer + Q) < 0 which implies that ¢; > 0
and ¢o < 0.
In order to prevent numerical difficulties due to a small value of €2, the linearized attitude

dynamics Egs. (3.23a) - (3.23b) and the closed loop separation distance dynamics given in
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Eq. (3.25) are made independent of €2 by the following transformation

dr = Qdt (3.29a)
o de)  1d()

) =—"=q @ (3.29b)

Thus, the orbit rate (£2) independent linearized equations of motion for a two-craft Coulomb

tether formation at any collinear libration point are given by

0" +(1+30)0=0 (3.30a)
17 2 !
v+ 7 0L + 30y =0 (3.30b)
ref
OL" + Cy0L — (2Leet)?) + (Cy — 3(20 4 1))5L = 0 (3.30¢)
where C’2 = % and C’l = % are non-dimensionalized feedback gains. Routh-Hurwitz

stability criteria are used to fine tune these gain values that satisfy the stability requirements.

The characteristic equation for the coupled §L and 1) equation is
M4 X3+ (1 +1 = 30)\% + 3005\ + 30(Cy — 60 —3) =0 (3.31)

Roots of Eq. (3.31) should have negative real parts for asymptotic stability. For all roots to
have negative real parts, a Routh table construction allows one to determine the following

necessary constraints on the gains C; and Cs

Cy > 60 +3 (3.32a)
Cy > \/n—3(20+1) (3.32b)

To fix the gain values that satisfy the stability criteria in Eq. (3.32), near ideal damping

conditions are assumed. Let the scaling factors n and  be positive and real such that the
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gains are rewritten as

Ci=n>60+3 (3.33a)

Cy = fy/n—320+1) (3.33b)

The natural frequency of the 1) equation is v/30 and is independent of the choice of C, and
Cs, and the natural frequency for the 6L equation is \/m . For the ¢ coupling
term in the 6L equation to serve as a defacto damping term, a value of n = 90 + 3 will
match these frequencies. Also, critical damping for the §L equation without the ¥ term is
ensured for § = 2. Therefore, with the inclusion of the 1" term for effective damping, one
expects the value of n and 8 to be in the vicinity of n = 90 + 3 and § = 2. At L, where
o = 3.190432478, the root locus plots for the coupled equations where the parameters are
varied, n = 26 ensures good rates of convergence for all the modes and f = 2.22 satisfies

effective damping for the modes. The optimal root locus plot is shown in Figure 3.4.

. «rr«HﬁHekMHHHH****
or m‘ L “*#*‘**‘*‘**** i i

Figure 3.4: Root-Locus Plot of the Linearized Differential Equations at Lo for gain g = 2.22

3.1.2.2  Application of LQR Design

In order to investigate the stability and control using the state feedback controller, a two-

craft Coulomb tether formation at a collinear libration point must be represented in the
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following state space form

= Ax + Bu (3.34)
y=Cx (3.35)
where the state x is
) . AT
@ = [9,9,¢,¢,5L,5L] (3.36)

Using the Coulomb control as an actuator mechanism, the A and B matrices can be rep-
resented from Egs. (3.23a) - (3.23c). As previously seen, the out-of-plane 6(¢) motion is
decoupled from the in-plane motion (¢)(t) and dL(t)), which can be formally examined by
checking the controllability of the system.? Since the rank of the controllability matrix is 4
and the number of state variables is 6, the tether formation is not completely controllable
with charge only. When the out-of-plane #(¢) motion is not considered, then, with the re-
duced state space of four state variables & = [1/), ¥, 0L, 5Z]T, the rank of the controllability

matrix is 4. Therefore, subsequent analysis uses the following reduced A and B matrices

0 1 0 0
30 0 0 -2

A— Lret (3.37)
0 0 0 1
0 2L, 320+1) 0

B:[O 00 ﬁLw]T (3.38)

m1 L?ef mao

If only the length and length rate state variables are available from the measurements
of an optical sensor, then the remaining two state variables (pitch and pitch rate) must be

estimated from the output measurements. Therefore, the C' matrix in the output equation
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becomes

0010
C = (3.39)
0001

However, the C matrix should satisfy the observability condition.*® Because the rank of
the observability matrix is 4, the values of the ¢ and w states can be estimated from the
measured outputs 6L and §L. Hence, the in-plane linear model of a two-craft Coulomb tether
formation at a collinear libration point is both controllable and observable.

Assuming that the information about all four state variables is available either through
direct measurement or by estimation, the following feedback control is used to control the

system with the feedback gain matrix, K, computed using either the pole placement method

or the linear quadratic regulator (LQR) method.
u=—-Kz (3.40)

Here the LQR methodology is applied to determine the optimal control, u, such that the

gain vector K minimizes the performance index
J = / (" Wozx + u' Wru)dT (3.41)
0

where Wg and Wg are the weighting matrices that are used as design parameters. One can
establish a faster response for in-plane control by selecting appropriate weighting matrices

for which the settling time is less than one orbit.

3.1.8 Numerical Simulation

The performance and stability of a 25m Coulomb virtual tether formation is illustrated in
the following numerical simulation. Table 3.1 lists the simulation parameters and the values
used. The parameters n and (3 are selected based on root locus plot analysis where the gains
Cy and Cy computed from Eq. (3.33) satisfy the stability criteria in Eq. (3.32) and also lead

to effective damping. The two-craft Coulomb tether performance at the collinear libration
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point Ly is simulated by integrating the linearized equations of motion in Eq. (3.30) and
then compared with the results obtained from integrating the non-linear equations of motion
in Eq. (3.18). During this simulation, the Debye length is assumed to be zero in order to

investigate the effects of linearization on the relative motion.

Table 3.1: Input Parameters Used in the Simulation for Lo

’ Parameter ‘ Value ‘ Units ‘
m 150 kg
Mo 150 kg
Lref 25 m
ke 8.99 x 10° 2
Qref —0.006816 puC?
Q 2.661699 x 107¢ | rad/sec
dL(0) 0.5 m
¥(0) 0.1 rad
6(0) 0.1 rad

n 26

3 9.22

o 3.190432478

Figure 3.5(a) shows the Coulomb tether motion with the proportional-derivative charge
feedback law in Eq. (3.24). Both the pitch motion ¢ and the separation distance deviation
0L converged to zero. Therefore, stabilizing the separation distance to zero also stabilized
the in-plane rotation angle after about 1.3 orbits; and the uncoupled roll motion 6 is a
stable sinusoidal motion as expected. Furthermore, Figure 3.5(a) shows that the non-linear
simulation shown as dashed lines closely follows the linearized simulation. Whereas, the §L
states asymptotically converge to zero in the linearized simulation, they reach steady state
oscillations in the non-linear simulation. This notable difference is observed in the two-body
system as well.® Using the same reference charge product Q. computed from Eq. (3.24)
for both simulations resulted in this inconsistent behaviour. This charge yields a static
formation in the linearized formulation; however, in the non-linear formulation, this charge
will not yield a static formation. This is due to the charge feedback control not operating

about-a-steady.state chargein the non-linear problem. Although the § L and ) errors converge
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Figure 3.5: Simulation Results from Integrating the Linearized and Nonlinear Equations of
Motion at Lo

to zero in the non-linear simulation, the discrepancies in charge computation between the
linear and non-linear simulations cause the orbital dynamics to perturb the system.® This
makes the states grow again, resulting in these steady state oscillations. Therefore, for the
non-linear problem, a control strategy could be implemented wherein the ,¢f value could be
numerically recomputed. Despite this deviation, the non-linear and linear simulation results
compare very well, thus validating the performance prediction of the linearized analysis.
Figure 3.5(b) shows the spacecraft control charge ¢; usage for both the linear and non-
linear simulation formulations. The charge results for both converge to the static equilibrium
reference value qy,.. For orbit-radial equilibrium, the control charge ¢; is the negative of ¢s.

Since the control charges are on the order of micro-Coulombs, they can easily be implemented
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in practice using charge emission devices.

A numerical simulation using an optimal regulator results in a settling time of less than
one orbit, a maximum overshoot of less than 2.5 m in separation distance and +.1 rad in
pitch angle variation. A faster response for in-plane control than that of a charge feedback
control law can be obtained by selecting appropriate Wg and Wg weighting matrices. The

following W and Wg matrices allow the settling time to be less than one orbit

%0 0 0
0 0.0001 0 0
W = and  Wgx = 10000 (3.42)
0 0 01 0

0 0 0 0.000001

Figure 3.6 shows the state response of the system for the LQR method. The results indicate
that with the acceptable limits for separation distance and attitude variations, the settling
time is around one orbit. However, the maximum overshoot increases the charge requirements

as compared to using the charge feedback law in Eq.(3.24). For subsequent analysis, we use

25

— 6
—y |
—aL

States 3L, Y, 6

_15 L L L L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

time [orbits]

Figure 3.6: LQR Time Histories of Length Variations 6L, pitch angle ¢ and roll angle 0

e of the minimal number of control variables used in it.
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3.2 Linear Dynamics and Stability Analysis - Triangular Libration Points

3.2.1 Charged Relative Equations of Motion

This section derives the equations of motion of a two-craft Coulomb tether whose center of
mass is at the triangular equilibrium point L, as shown in Figure 3.7 and nominally aligned in
the orbit-radial direction of the orbit frame. This derivation closely resembles the derivation
of the equations of motion for a two-craft Coulomb tether at any collinear libration point
given in section 3.1 The two distance vectors R; and Ry of L, in the synodic frame from

the two primaries in the plane are given by

T'zq + dl Ty — dg
SRi=| r, and “Ry=| 1, (3.43)
0 0

The expressions for the kinetic energy in Eq. (3.10) and Coulomb potential in Eq. (3.16)
remain the same. However, the gravitational potential in Eq. (3.15) involves adding the
two position vectors R; + p; , where R; is in the synodic frame S and p; is in the orbiting
frame . Therefore, the vectors R; are expressed in its orbiting frame components using the

transformation © R; = [0S]® R; with the transformation matrix [OS] given by

COS «v sin «v 0
OS] = | —sina  cosa 0 (3.44)
0 0 1

where « is the angle between the synodic frame at the barycenter O and the orbiting frame
at L, as shown in Figure 3.7. For Earth-moon system, the value of a is 60.31 degrees.'6
Using the Lagrangian formulation in Eq. (3.17), the nonlinear equations governing the

roll angle # out of the orbital plane, the pitch angle v in the orbital plane, and the separation
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Figure 3.7: Euler Angles Representing the Attitude of Coulomb Tether with Respect to the
Orbit Frame at Ly

distance L thus obtained are

0+ %9 + cos f sinO((¢) + Q)2

L
+ 3TQ2((1 —v)(Aq cos® + B, siny))? + v(C,, costh + D, sinth)?)) =0 (3.45a)
Y — 20 tan () + Q) + %(1/) +9Q) - %92((1 — 1)(Aa B, cos 2t + @ sin 2¢))
+ v(Cy D, cos 2y + w sin2¢)) =0 (3.45Db)

L— L(6* + (¢ + Q) cos? 6 — Q)
+ 2LQ2 cos? 0((1 — v) (A, cos) + By, sint)? + v(C, costp + D, sin))?)

(3.45¢)
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where

A, = cosa +V3sina (3.46a)
B, = —sina + V3 cos (3.46b)
Cy = —cosa + V3sina 3.46¢)
Dy = sina + V3 cosa (3.46d)

The linearized version of the nonlinear equations in Eq. (3.45) comes from expanding in a
Taylor series about the equilibrium states given in Eq. (3.20). Both the roll and pitch equa-
tions of motion are linearized about small roll and pitch angles respectively. The separation
distance equations of motion are linearized about small variations in dL as well as small
variations in the product charge term 0@ defined as in Eq. (3.22). Mission requirements
determine the reference separation length L., and, Qe is determined from the following

constraint on a particular choice of L,e¢

3

3
Lref mqmme

of = —— 0? 4
Qref 1O EQRE [— (3.47)
where
opore = 1+ 2sin a + V3sin 2a (1 — 2v) (3.48)

Performing the necessary linearizations yields

) 3 )

0+ (1 + ZLUEQREl)Q =0 (349&)

- 20 . 3

Y+ 7 oL — EUEQRE3QQ =0 (3.49b)

ref

ke 1 my+mo

— =5
ma Lref Mo

. . 9 3
0L — QQLrer,/J — ZLO'EQRE1925L - §Lref O'EQREQQ2 w - ( )5@ =0 (349C)
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with

OpoRrE2 = V3c0s2a (1 — 2v) + sin 2o (3.50)

OBEQRE3 = V3 sin 2a (2v — 1) + cos 2« (3.51)

Thus, Egs. (3.49a) and (3.49b) represent the linearized attitude dynamics of the Coulomb
tether body frame B and Eq. (3.49¢) represents the linearized separation distance differential
equation about the static nadir reference configuration at a triangular libration point. As op-
posed to the collinear solution, the v term here is a new component; however, due to the quite
small value of opgrrs = —2.0405 x 107* at Ly, its effect is negligible on the separation dis-
tance differential equation. Furthermore, since opgrr1 = 3.963662 and oggorez = —1.963662
, the dynamics at L, become very similar to those found in Reference 5 for an orbit radial
2-craft formation at GEO. Hence, the stability behaviour should be approximately the same

as that observed in Reference 5.

3.2.2  Charge Feedback Control

Using the proportional-derivative feedback control of dL from Eq.(3.24), the orbit rate
independent linearized equations of motion for a two-craft Coulomb tether formation at the

triangular libration point L4 are given by

1" 3
0 + (1 + AIUEQREI)@ =0 (352&)
1" 2 / 3
¢ + oL — _UEQREB'QD =0 (352b)
Lref 2
" = ! / 3 9 =
oL + CQ oL — (2Lref)w — (§Lref OEQRE?2 )w — <1_10—EQRE1 — 01)5L =0 (352C)

where C'g = % and él = % are non-dimensionalized feedback gains. Routh-Hurwitz stabil-

ity criteria can be used to fine tune these gain values that satisfy the stability requirements.
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The characteristic equation for the coupled 0L and v equation is

~ ~ 3 9 3 ~
M+ CoN® + (Cy +4— 5 OEQRE3 — 1 UEQREl)/\2 + (30BQrE2 — 5 0EQrE3C2)A
3 9 3 (3.53)
+§ UEQREB(ZL oeorin —C1) =0

Roots of this equation should have negative real parts for asymptotic stability. A Routh
table allows one to determine the following necessary constraints on the gains C; and Cs

that ensures all roots have negative real parts

.9
Gy > 10 EQREL (3.54a)

Cy >0 (3.54b)

To fix the gain values that satisfy the stability criteria in Eq. (3.54), near ideal damping
conditions are assumed. Let the scaling factors n and S be positive and real, allowing the

gains to be rewritten as

~ 9
01 =n > ZO'EQREl (355&)

~ / 9
02 = 5 n — ZO'EQREl (355b)

Following the same line of reasoning discussed for collinear libration points earlier and
studying the root locus plots for the coupled equations where the n and g parameters are
varied, n = 11.71 ensures good rates of convergence for all the modes and 3 = 2.22 provides

effective damping for the modes. The optimal root locus plot is shown in Figure 3.8.

3.2.8  Numerical Simulation

Except for the parameters listed in Table 3.2, the remaining simulation parameter values
used are shown in Table 3.1. The parameter n = 11.71 for L, is obtained from the root locus
plot analysis. The gains C, and C, computed from Eq. (3.55) satisfy the stability criteria in
Eq. (3.54) and also yield effective damping. Integrating the linearized equations of motion in

Equ(3:52) simulates the two-craft Coulomb tether performance at L. This is then compared
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Figure 3.8: Root-Locus Plot of the Linearized Differential Equations at L, for gain g = 2.22

Table 3.2: Input Parameters Used in the Simulation for L,

| Parameter | Value | Units |
Qref —0.002745 uC?
n 11.71
15} 2.22
OEQRE1 3.963662
OEQRE?2 —2.0405 x 1074
OEQRE3 —1.963662

with the results obtained from integrating the non-linear equations of motion in Eq. (3.45).

Figure 3.9(a) illustrates the Coulomb tether motion with the proportional-derivative charge
feedback law. Both the yaw motion v and the separation distance deviation §L converge
to zero. Therefore, stabilizing the separation distance to zero also stabilized the in-plane
rotation angle after about 1 orbit; and the uncoupled roll motion € is a stable sinusoid as
expected. Furthermore, Figure 3.9(a) shows that the non-linear simulation plotted as dashed
lines closely follows the linearized simulation; whereas the d L states asymptotically converge
to zero in the linearized simulation, they reach steady state oscillations in the non-linear
simulation. The reasons for this notable difference are already explained in numerical simu-
lation part of section 3.1 Despite this difference, the non-linear and linear simulation results

compare very well, thus justifying the linearization assumptions used. Figure 3.9(b) shows
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Figure 3.9: Simulation Results from Integrating the Linearized and Nonlinear Equations of

Motion at L4

the spacecraft control charge ¢; usage for both linear and non-linear simulation formulations.

The charge results for both converge to the static equilibrium reference value ¢;,.. The control

charges required for L, are less than those of Ly, which are on the order of micro-Coulombs

and can easily be implemented in practice using charge emission devices.

3.3 Differential Solar Perturbation

Differential solar drag is the largest disturbance acting on a tether formation at GEO and

at libration points (Sun-Earth or Earth-Moon).”*® For example, on a typical micro-craft in

Earth orbit the maximum solar torque magnitude of about 10> Nm is essentially constant
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with orbit altitude.®® The gravity gradient torque is inversely proportional to the orbit
radius cubed, but in low orbits has a maximum magnitude on the order of solar torque, and
above an altitude of about 20,000 kilometers it becomes relatively insignificant (less than
1%).5r Therefore, at libration point distances, in the presence of a differential solar drag
on the formation, the gravity gradient torques may no longer be sufficient to stabilize the
in-plane motion of a 2-craft virtual Coulomb structure in the radial equilibrium position.
Moreover, in the presence of differential solar drag on a two craft Coulomb formation in
circular orbits, Reference 5 shows that the states are bounded with the charge feedback
law. These limitations motivate to study the nonlinear dynamics and stability analysis of an
orbit-radial two-craft Coulomb formation about circular orbits and at Earth-Moon libration
points.

References 54 and 55 use a Lyapunov approach for tether deployment and retrieval in
circular orbits. In their study, tether mass and flexibility, solar radiation pressure as well as
aerodynamic effects are neglected. The Lyapunov feedback control method use a Lyapunov
function based on a first integral of motion of the dynamical system. The control laws are
simple and utilize tether tension control as well as out-of-plane thrusting. In this section,
a similar approach is taken to stabilize the formation shape and size in circular orbits and
at the libration points in the presence of differential solar radiation pressure affects. The
goal is to design a generic Lyapunov feedback controller that can withstand differential solar
perturbation effects and to asymptotically stabilize an orbit radial 2-craft Coulomb struc-
ture about circular orbits and collinear libration points. The environmental torques due
to gravity gradient forces and solar radiation pressure affects at GEO and at Earth-Moon
libration points are discussed. Of interest is to study if the gravity gradient forces on a radial
equilibrium two-craft Coulomb tether formation are sufficient to withstand the differential
solar drag affects. Numerical results show the gravity gradient and differential solar drag
force magnitudes on the formation. Finally, a generic controller is designed that can with-
stand differential solar perturbation effects in orbit radial configuration about circular orbits
and at Earth-Moon collinear libration points. Numerical simulations validate the Lyapunov

controller performance.
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3.8.1 Environmental Torques - GEO and Libration Points

This section discusses environmental torques due to gravity gradient and solar radiation
pressure effects on a two-craft formation. The gravity gradient torque expressions and solar
radiation pressure models at GEO and at Earth-Moon libration points are presented. To
study whether the gravity gradient forces on a radial equilibrium two-craft Coulomb tether
formation are sufficient to withstand the solar drag affects, the magnitudes of gravity gradient
forces at GEO heights and libration point distances are compared against the differential solar
drag forces on the formation. Numerical results show the gravity gradient and differential

solar drag force magnitudes on the formation at GEO and at Earth-Moon libration points.

3.3.1.1 Gravity Gradient Torques

The gravity gradient torque expression at GEO is obtained from!*

Lcl SCM 7’c27“c3(1.33 - [22)
BLG = |Lg,| = Te Tc17”c3(f11 - 133) (3-56)
LG3 7”017’02(]22 - ]11)

where r., 7. and r.3 are the B frame components of a two-craft formation center of mass

position vector r, in GEO. G is the gravity constant and M, is the mass of the planet Earth.

The body frame inertia matrix of a two-craft formation in radial equilibrium is®

0 0 0
5M=1o 1 o (3.57)
0 0 I

where [ = %Lz and mq, my are the masses of the two spacecraft.

Using Eq. (3.56), the gravity gradient torque of a radial equilibrium two-craft Coulomb
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tether formation at GEO becomes

0
PLa =30 | —Icos B sin 6 cos? 1) (3.58)
—1Icosf cossiny

where Q* = & with = GM..

Similarly, the gravity gradient torque expression at libration points is

LG1 SCM 7”027”c3(f33 - 122) SCM. T;2T;3(]33 - 122)
1 2 r
BLG = |Lg,| = 5 TeiTe3(l11 — Is3) | + T TerTe3(T11 — I33) (3.59)
LG3 Tc1Tc2(122 - 111) 7";17”;2([22 - 111)

’

where 7.1, Tc2, Te3 and 7,4,

7.5 and 7., are the B frame components of a two-craft formation
center of mass position vectors 7. and r’c at a collinear libration point from the two primaries
in the plane.

Using Eq. (3.59), the gravity gradient torque of a radial equilibrium two-craft Coulomb

tether formation at a collinear libration point becomes

0
BLe =3(Q7 +Q3) | —Icossinf cos? 1) (3.60)
—Icos O cossiny

where Qf = &4 and QF = £3 with yy = GM,; and py = GM,.

3.3.1.2  Solar Radiation Pressure (SRP)

At GEO, the inertial acceleration vector aggp in m/s? due to the effects of solar radiation

5,50

pressure (SRP) is given as

C,AF r
me |z’

ASRp — — (361)
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where aggp is the inertial position vector from the sun to the orbiting planet in AU, m is
the mass of the spacecraft in kg, and A is the cross-sectional area of the spacecraft that is
facing the sun in m?. The constant F' = 1372.5398 Watts/m? is the solar radiation flux, ¢ =
299792458 m/s is the speed of light, and C, = 1.3 is the radiation pressure coefficient. To

m
\
N
\
/

\.
\
RN
—
N
N
m

2 ~

Figure 3.10: Sun’s Position and the Orientation of the Cylindrical Craft

compare the results at GEO from Reference 5, as shown in Figure 3.10, the craft are modeled
as cylinders of radius 0.5 m, height of 1 m and mass of 150 kg. For craft 1, the cylindrical
surface with a square cross-sectional area of 1 m? is constantly facing the sun, whereas for
craft 2, it is the top of the cylinder with circular cross-sectional of 0.257 m? that is facing
the sun.

In the Earth-Moon system, the solar radiation pressure model is much different from
that of the GEO environment. In the vicinity of the collinear libration points, the sun
lines are treated as parallel lines. In order to describe the relative motion of the satellite
with respect to the formation center of mass, a rotating Hill orbit frame O : {6,, 0y, 05}
whose origin coincides with the Ly libration point is chosen as shown in Figure 3.11. This
rotating coordinate system orbits the Earth-Moon barycenter O with constant orbital angular
velocity 2. In addition, the Earth-Moon system orbits the Sun with an angular velocity of
Qp. Consequently, the incident Sun line rotates in the orbit frame with a net angular velocity

of wy, = Q2 — Qp. A notable difference in the Earth-Moon system is that the direction of the
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incident sun line s will vary continuously with respect to the O frame as

s = [cos(wst), — sin(wst), 0] (3.62)

Incident Sun line

S

Moon

o ¢

Earth
Sun

Figure 3.11: Solar Radiation Pressure in the Vicinity of Lo

The solar torque on each craft depends on the orientation of the craft-normal relative to
the orbit frame. The orientation of each craft with respect to the orbit frame is defined in
terms of a cone angle ¢ and a clock angle v, as shown in Figure 3.12.5%52 For this study, the
cone and clock angles (4, ) for each craft are fixed.

Therefore, the components of asgp for a craft in the Earth-Moon orbit frame are given

by50, 52
(SRPre = ASRPmax COS~ Y COs(wst — ) (3.63a)
ASRPat = —SRPmax COS~ 7y sin(wgt — ) sin (3.63b)
($RPon = USRPmax COS~ Y Sin(wst — ) cos (3.63¢)

where asrpmax = |@srp|, asrpre i the component in orbit radial direction, aggrpay is in the

direction of orbital velocity (along-track), and the component aggpo, is in the orbit normal
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Figure 3.12: Cone and Clock Angles of the Craft-normal relative to the Orbit Frame

direction. Egs. (3.63) show that the SRP acceleration in the Earth-Moon system is periodic

and time varying.

3.3.1.3 Numerical Simulation

The solar drag and gravity gradient force magnitudes for nominal conditions are illustrated
in the following numerical simulation. The simulation parameters and the values used are
listed in Table 3.1.

Figure 3.13(a) shows the time histories of gravity gradient forces and differential solar
drag on a two-craft formation in the GEO environment. For the nominal separation distance,
the gravity gradient force is computed from the torque expression in Eq. (3.56) and the
differential solar drag force is computed using Eq. (3.61). For craft 1, a square cross-sectional
area of 1 m? is constantly facing the sun, and, for craft 2, the circular cross-sectional of area
of 0.257 m? is facing the sun. It clearly shows that the gravity gradient forces are sufficient to
withstand the solar drag in the GEO environment. The results in Figure 3.13(b) are obtained
by fixing the craft 1 cross-sectional area and varying the craft 2 cross-sectional area from 1
m? to 2 m2. These results indicate that even after increasing the solar drag, the combination

dient force and the reference Coulomb force magnitude obtained
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Figure 3.13: Radial Equilibrium Simulation Results at GEO for Nominal Initial Conditions

Figure 3.14(a) shows the time histories of gravity gradient forces and differential solar
drag for a two-craft formation at the Earth-Moon L, libration point environment. It clearly
shows that the gravity gradient forces are very weak, and thus cannot withstand the solar
drag at Ly. The results in Figure 3.14(b) also indicate that the maximum gravity gradient
force magnitude and the reference Coulomb force magnitude on each craft are not sufficient
for stabilizing the formation. Therefore, unless equal sunlit surface areas of the two-craft are
assumed such that the differential solar drag is zero, the charged feedback control law used
in Reference 46 will not be able to stabilize the two-craft formation at the libration points.
Consequently, for unequal sunlit surface areas of the two-craft a full state feedback control is
required that uses larger Coulomb forces in the longitudinal direction and electric propulsion

thrusters for transverse control.

3.3.2  Lyapunov Feedback Control

A generic controller is designed in this section that can withstand differential solar perturba-
tion for orbit radial configuration about circular orbits and at Earth-Moon collinear libration

points. Numerical simulations are shown to validate the controller performance.
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Figure 3.14: Radial Equilibrium Simulation Results at Earth-Moon Ly for Nominal Initial
Conditions

3.3.2.1 Feedback Control Development

Lyapunov’s second method is used to develop a feedback control law for stabilizing a radial
equilibrium two-craft Coulomb tether formation in the presence of time varying solar radia-
tion pressure disturbances. Because the kinetic energy in Eqgs. (3.8) and (3.9) is not just a

quadratic function of the velocities, the Hamiltonian takes the form®?

H=Ty—Ty+V, (3.64)
where
1 . . . 1 . . .
Ty = Sma (37 + 97 + 21) + 5mald3 + 95 + 2) (3.65a)
_ Q_2 2 2 2 2
To = - [ma(yi + (z1 4+ 70)%) + ma(ys + (v2 + 7)) (3.65b)

and Vj is given by the Eq. (3.11).
Since the Lagrangian does not contain time explicitly, it follows that the Hamiltonian
is constant. Therefore, the two-craft Coulomb tether formation possesses a Jacobi integral

in place of the energy integral as a constant of motion. The nondimensional H in body
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coordinates is written as
A~ 1 ! ! /
"= S 27 cos20 + 30 cos? 0 sin? ¥ + 0 + (1 + 30)sin0 — (1 +20))  (3.66)

where o is a positive constant that depends on the collinear Lagrangian point chosen. For
"0 =17, the equation turns out to be the same equation that was found in Reference 54 for
circular Earth orbits. References 54 and 55 use the Hamiltonian as a Lyapunov function for
stability analysis. Before the Hamiltonian is used as a Lyapunov function at libration points,
its positive definiteness must be ascertained. Based on the constant of motion in Eq. (3.66),

a Lyapunov function Vi, is defined as

’

1 - - /
Viyp = 5(1 ’ + K (1 — lf)2 + (Ko + %) (¢ ? cos2 0 + 30 cos? 0 sin® 4

(3.67)
+6° + (14 30)sin20))

where Iy > 0 is the desired final value of [, K, is a positive constant and K can either be
positive or zero. Vi, is clearly positive definite, and Vj,, = 0 at the local radial equilibrium
conditions in Eq. (3.20). Assuming fu, fay and fg to be the non-dimensional differential

solar perturbations, the time derivative of Wy, is

Vl;p =1 ((1+20) —u — fu+ Ki(l— 1)) — 2%(@/1/(1 + 1) )cos? 0 + 9'2) e
(R )L+ ) 4 (1 4 (B L

[ l l [

where u;, uy, and uy are the non-dimensional control variables. The control variable u; is
associated with Coulomb propulsion acting in the longitudinal direction, and w, and ug act
in the transverse directions. Moreover, u, and uy could utilize electric propulsion for inertial

thrusting along these directions.

www.manharaa.com




76

The following control laws for v;, u, and ug can be selected

~ ]’% ’ / / = 1/
w = (14 20)+ Ky (I —1j) — 272(¢ (1+¢)cos?0+07) + Kyl — fa (3.69a)
Uy = — K5l — fay (3.69b)
ug = — K410 — fap (3.69¢)

where K3, K, and K are positive constants.

Using these control laws, Eq. (3.68) leads to

/

yp

V= — Kyl — (K + 2)(K407 + K50 (3.70)

Proper choice of the gains guarantees the stability of the closed-loop system.
Substituting the control laws from Eq. (3.69) into the dynamics (Egs. 3.17, 3.18), the

closed-loop system of equations thus obtained are

" l/ ’ ’ g ’
6 + 279 +cosf sinf((1+ )*+30cos® ) + K40 =0 (3.71a)
" l/ / ’ ng !
Y cos® 6 + 2 cos 9(70030 — 0 sin®)(1 +1) +30cos®d costp siny + K5 =0  (3.71b)
" — l(912 + (1+9)2%cos?0 — (1 — 3cos? 0 cos® 1)) + (1 +20) + K, (I — Iy)

T (14 )eos 6 + 0%) + Kl =0 (3.71c)

These closed-loop system of equations can be used for three dimensional control of a 2-craft
virtual Coulomb structure about circular orbits and at Earth-Moon libration points. Fur-
thermore, they can be used either for station-keeping or for 2-craft expansion and contraction

reconfigurations.

3.3.2.2 Numerical Simulation

Based on Lyapunov feedback control design, the performance and stability of a 25m Coulomb
virtual tether formation at the Earth-Moon L, is illustrated in the following numerical sim-

ulation. The same spacecraft parameters and nominal separation distance are used as in

www.manharaa.com



7

Table 3.1. Figure 3.15(a) shows the Coulomb tether motion with the Lyapunov feedback law
in Eq. (3.69) for gain settings Ki=2 Ky=0, Ky =4, K, =2 and K5 = 2. The in-plane
pitch motion ¢, out-of-plane motion #, and the separation distance deviation § L converged to
zero. The attitude motion converged in less than 0.5 orbits, whereas, the separation distance
converged in about 1.3 orbits.

Figure 3.15(b) illustrates the spacecraft control charge ¢; usage for the non-linear sim-
ulation. Because the solar drag perturbations on the two-craft formation exhibit cyclic be-
haviour as shown in Figure 3.15(c), the charge results depicted in Figure 3.15(b) also exhibit
the cyclic nature and do not converge to the static equilibrium reference value ¢,. Fur-
thermore, the micro-Coulomb charge requirements are easily realizable in practice. Figure
3.15(d) illustrates the Coulomb force utilization for longitudinal control and inertial thrusters
usage for in-plane and out-of-plane control. Therefore, Coulomb control and transverse con-
trol (micro-thrusters) forces are on the order of micro-Newtons. Transverse control can be

implemented either using Colloid or PPT micro-thrusters.
3.4 Summary

The feasibility of a two-craft Coulomb tether concept is studied at libration points for orbit-
radial equilibrium. The new two-craft dynamics at the libration points is provided as a
general framework in which circular Earth orbit dynamics form a special case. The general
equations of motion for collinear libration points has a ¢ parameter which varies for each
collinear libration point. Interestingly, setting o = 17 yields the same equations of motion
for orbit-radial equilibrium in Earth circular orbits. For the triangular libration points,
there is an additional ¢ term in equations of motion; however, the coefficient of this ¢ term
is very small. Although the orbit-radial dynamics at libration points are slightly different
than those found in Reference 5 for an orbit radial 2-craft formation at GEO, the stability
conditions are similar. At libration points, the out-of-plane motion is marginally stable and
decoupled from the in-plane motion. The in-plane motion is stabilized using only separation
distance measurements (computing rates). A linearized charge feedback law stabilizes the

separation distance using Coulomb force and exploits the gravity gradient torque due to the
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Figure 3.15: Radial Equilibrium Nonlinear Control Simulation Results at Lo

two primaries for stabilizing the in-plane attitude motion. Also, a full-state feedback linear
quadratic regulator meets variable mission requirements (i.e stabilizing the formation within
a given time). Numerical simulations at Ly and L, with the charge feedback law show that
the formation stabilized faster at Ly (within 1 orbit) than at Ly (1.3 orbits). This is perhaps
due to the unstable nature of the collinear libration point causing a slow stabilization of the
formation. Also, due to the large distances from the Earth-Moon barycenter to the libration
points and due to the smaller rotation rate of the barycenter, the micro-Coulomb charge
requirements at the libration points is at least an order of magnitude smaller compared to
that of a two-body system in Reference 5.

However, the charge feedback law assumes that the two-craft areas exposed to sunlight
are equal such that the differential solar radiation pressure is zero. If the two craft sunlit

areas are not equal, the assumption is that the two craft are oriented independently to keep
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the differential SRP to zero. Consequently, when the differential solar drag on the two-craft
formation is not zero and in the presence of time varying SRP disturbances, a Lyapunov
feedback control method is presented for feedback stabilization of a radial equilibrium two-
craft Coulomb tether formation about circular orbits and at libration points. The method
uses a Lyapunov function based on a first integral of motion of the two-craft Coulomb
formation. The controller designed using this method works very well and the control law
utilizes a three-dimensional control (separation distance, in-plane and out-of-plane motion).
The Lyapunov feedback control law obtained has a o parameter which varies for each collinear
libration point. Interestingly, setting o = 17 yields a control law for orbit-radial equilibrium
in Earth circular orbits. Therefore, the Lyapunov control law at the libration points is
provided as a generic control law in which circular Earth orbit control forms a special case.
At the Earth-Moon L, simulations, it is recommended that the control gains be chosen such
that the pitch and roll angles do not exceed 90 degrees. This will ensure that undesirable
equilibrium points are not reached. Depending on the desired final separation distance

between the craft, the gains for the Coulomb propulsion control law should be appropriately

adjusted.
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Chapter 4

HYBRID CONTROL OF ALONG-TRACK AND ORBIT
NORMAL TWO-CRAFT COULOMB FORMATION AT
LIBRATION POINTS

The previous chapter investigates the linearized orbit radial dynamics and stability analy-
sis of a 2-craft virtual Coulomb structure at Earth-Moon libration points. A charge feedback
law is used to stabilize a charged spacecraft cluster to a specific shape and orientation. Such
an active charge feedback control is developed utilizing the differential gravity field effect due
to Earth-Moon on a Coulomb tethered two-spacecraft system. The stability characteristics
of such a formation are similar to that of an orbital rigid body motion moving in the presence
of two celestial objects. With this control, the spacecraft separation distance is maintained
at a fixed value, while the coupled gravity gradient torques on the formation due to the two
celestial objects are exploited to stabilize the tether attitude about the orbit radial direction.
For the Coulomb tether regulation problem in the previous chapter, the charge feedback law
assumes that the two-craft sunlit areas are equal such that the differential solar radiation
pressure is zero. With this assumption, the feedback control law guarantees asymptotic sta-
bility for separation distance and in-plane angle. This asymptotic stability is achieved by
exploiting the charged relative motion of the spacecraft and varying the 2-craft separation
distance. Controlling the separation distance stabilizes the in-plane rotation angle; however,
the spacecraft charge control law does not affect the out-of-plane rotational motion. Also,
the new two-craft dynamics at the libration points provide a general framework in which
circular Earth orbit dynamics form a special case. If the two-craft sunlit areas are not equal,
and in the presence of time varying SRP disturbances, a Lyapunov feedback control method
is presented for stabilizing a radial equilibrium two-craft Coulomb formation at L.

Apart from the orbit-radial equilibrium, Reference 45 presents two other relative equilib-

ria of the charged 2-craft problem at libration points. These equilibria are in the along-track
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direction and in the orbit normal direction as shown in Figure 4.1. Interestingly, in the
restricted three-body system, a tether force is required for the along-track equilibrium, how-
ever, no force is necessary in the restricted two-body system. Therefore, at libration points,
nonzero tension is required between the two crafts in the along-track direction to main-
tain the static unperturbed formation. On the other hand, repulsive forces are required for

maintaining the cluster along the orbit normal direction at libration points.

m,
L,

w

M,
m,

L,

(a) Along-track Relative Equilibrium

(b) Orbit Normal Relative Equilibrium

Figure 4.1: Along-track and Orbit Normal Relative Equilibria at Libration Points

This chapter studies the stability of a two-craft formation about along-track and orbit
normal relative equilibrium configurations at Earth-Moon libration points. The assumption
is that the two craft sunlit areas are equal such that the differential solar radiation pressure on
the formation is zero. Along the orbit radial direction, while the charged two-craft formation

could stabilize the cluster using only Coulomb forces, this chapter studies a hybrid feedback
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control strategy in which both conventional inertial thrusters and Coulomb forces are used.
The methodology is similar to that introduced in Reference 5 for circular Earth GEO orbits.
The goal is to use the electric propulsion thrusters as little as possible while maximizing the
Coulomb force usage. The control strategy is designed such that the thruster is never directed
at the 2nd craft such that the thruster exhaust plume impingement issues on the neighboring
craft are avoided. The formation is studied at libration points where the Debye lengths are
reasonable enough to consider Coulomb spacecraft missions. Numerical simulations using a
charge feedback law are presented at both a collinear and a triangular libration point. If
the two-craft sunlit areas are not equal, the assumption is that the two craft are oriented

independently to keep the differential SRP to zero.
4.1 Linear Dynamics and Stability Analysis - Collinear Libration Points

4.1.1 Charged Relative Equations of Motion
4.1.1.1  Along-Track Configuration

This section derives the equations of motion of a 2-craft Coulomb tether that is nominally
aligned with the along-track direction 6y of a rotating Hill orbit frame O : {o,, 6y, 65} whose
origin coincides with Ls libration point as shown in Figure 4.2. This derivation closely follows
the derivation of the equations of motion for craft aligned along the orbit radial direction,
which is given in detail in Reference 46.

Figure 4.3 illustrates a static two-craft formation in the orbit velocity direction with a
separation distance of L.

The non-linear equations of motion are deduced from the Lagrangian £ =T — (V, + V,)

of the system in the following form

doL oL
dtog o

¢ = (¢, L) (i=1...3)

(4.1)

where Q; is the generalized force in the ¢‘th degree of freedom excluding gravitational effects.

Eor the circularly restricted. three-body system, the nonlinear equations governing the yaw
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Figure 4.2: Euler Angles Representing the Attitude of Coulomb Tether with Respect to the
Orbit Frame at L,

angle ¢ out of the orbital plane, the pitch angle v in the orbital plane, and the separation

distance L become

b+ 2¢% + cos ¢sin @((1 + Q)% + 3% sin®¢Y) =0 (4.2a)

Y —2(1) + Q) (P tan ¢ — %) —30%0sincosyy =0  (4.2b)

kc 1 my1 + Mg

—Q— =0 4.2
ma L? mo ( C)

L—L(¢* + (¥ 4+ Q)% cos® ¢ + Q20 (3 cos® pcos® ¢ — 1)) +

Center of mass
Keplarian orbit
A

m,

Electrostatic‘(Coulomb)
Force Fields

Figure 4.3: Two-Craft Formation in Along-track Direction at Lo
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Mo 1

Mo o, — M
Mi+Ms3? v

T Mi+Ms and

where () = q1ga, v =

1—v v

= + >
IR e

0 (4.3)

g

is a positive constant that depends on the collinear Lagrangian point chosen. The equations
of motion in Eq. (4.2) are coupled non-linear ordinary differential equations that define the
motion of a two-craft Coulomb formation in along-track direction at any of the three collinear
Lagrangian points.

If the two-craft formation is aligned in the along-track direction, the formation remains
statically fixed relative to the rotating orbiting frame O provided the non-linear equations

Eq. (4.2) satisfy the following along-track equilibrium conditions
¢:¢:¢:¢:¢:¢ZL:L:0 and L:Lref (44)

Eq. (4.2¢) provides the nominal product of charges Q.ef = ¢1g2 needed to achieve this static

Coulomb formation as

3
Ouet = (0 — 1) 2L mams (4.5)

k’c my + Mo

Thus, the satellites appear frozen with respect to the rotating frame when the charge product
Q:ef satisfies Eq. (4.5). Since the charge product term is positive it implies that the spacecraft
charges will have same charge signs and also, an infinite number of charge pairs can satisfy
Qref = q1¢q2. In this study, the charge magnitudes are set equal.

The linearized version of the nonlinear equations Eq. (4.2) are obtained by applying a
Taylor series expansion about the equilibrium states given in Eq. (4.4). Both the yaw and
pitch equations of motion are linearized about small yaw and pitch angles respectively. The

separation distance equations of motion are linearized about small variations in L as well
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as about small variations in the product charge term () as follows

L =Ls+0L (4.6&)
Q = Qref + 6@ (46b)

where mission requirements determine the reference separation length L. and Qe is
determined through the constraint Eq. (4.5) for a particular choice of L. Performing the

necessary linearizations yields

b+ Q=0 (4.7a)

. 20)
w * Lref

]Cc 1 mi + mo

6L — 30201 =0 (4.7b)

§I — 20 L,ep — 302(1 — 0)dL — ( )5@ ~0 (4.7¢)

2
my Lref ma

Thus, Egs. (4.7a) and (4.7b) are the linearized attitude dynamics of the Coulomb tether
body frame B and Eq. (4.7c) is the linearized separation distance differential equation about
the along-track reference configuration at a collinear libration point. It is inferred from these
equations that the out-of-plane motion ¢(t) is uncoupled from the in-plane motion (¢ (¢) and
dL(t)) and is analogous to that of a marginally stable linear oscillator because of the gravity

gradient torques due to the two planets.

4.1.1.2  Orbit Normal Configuration

The derivation of the equations of motion for a two-craft Coulomb tether along orbit nor-
mal direction follow the same steps as those of the along-track equilibrium. The nonlinear

equations governing the yaw angle ¢ and the roll angle # out of the orbital plane and the
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separation distance L become

o+ 2%@ — Qsinf) — i((m cos 20 + Q% — 20% — 6020 sin? §) sin 2¢

+ 490 cos 0 cos 2¢ + 408 cos §) = 0 (4.8a)
. L . 1, . : ) 3., .
0 + QE(H + Qcosf tan ¢) — §Q sin 20 + Q¢ cos O sec” ¢ — 59 o sin 20

— 20¢ tan ¢ + Qd cos 0 cos 2p sec? ¢ = 0 (4.8b)

. . . . .
L— 1(392 +20% + 49 — 20% cos 20 cos® ¢ — (0?2 — 20%) cos 2¢ — 8Q¢ sin O

]fc 1 my + Mo

+ 406 cos 0 sin 2¢ — 4020 (1 — 3 cos? ¢ sin? 0)) + =0 (4.8¢)

E ﬁ mgo
where Q) = ¢1¢q2 and o is a positive constant as defined in Eq. (4.3) that depends on the
collinear Lagrangian point chosen. The equations of motion in Eq. (4.8) are coupled non-
linear ordinary differential equations that define the motion of a two-craft Coulomb formation
along orbit normal direction at any of the three collinear Lagrangian points.

If the two-craft formation is aligned in orbit normal direction, the formation remains
statically fixed relative to the rotating orbiting frame O provided the non-linear equations

Eq. (4.8) satisty the following orbit normal equilibrium conditions
b dmdmhmlmf—f—F=0 and L=l (4.9)

Eq. (4.8¢) provides the nominal product of charges Q..f = ¢g1g2 needed to achieve this static

Coulomb formation as

L3 miMme
o = o2 T2 4.10
Qret = 0 ke mq + mo ( )

Thus, the satellites appear frozen with respect to the rotating frame when the charge prod-
uct Qrer satisfies Eq. (4.10). Since the charge product term is positive it implies that the
spacecraft charges will have same charge signs and also, an infinite number of charge pairs
can satisfy Qref = q1¢2. In this study, the charge magnitudes are set equal.

Mission requirements determine the reference separation length L., and Qe is deter-
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mined through the constraint Eq. (4.10) for a particular choice of L,y Performing the

necessary linearizations yields

b — Q% —200 =0 (4.11a)
0 — (1+30)0%0+2Q6 =0 (4.11b)

5L + 30025 L — (E%m%@ =0 (4.11c)

mq Lref mo

Thus, Egs. (4.11a) and (4.11b) are the linearized attitude dynamics of the Coulomb tether
body frame B and Eq. (4.11c) is the linearized separation distance differential equation about
the orbit normal reference configuration at a collinear libration point. Note both the out-of-
plane angles ¢(t) and 0(t) are coupled, while the charged separation distance error dynamics
is uncoupled in this linearized formulation. Also, one can observe from Eq. (4.11c) that
the separation distance error (§L(t)) is already marginally stable even without any feedback
control through the charge product error term (dQ(t)).

Interestingly, for along-track and orbit normal reference configurations, for o = 1”7, the
Egs. (4.7) and (4.11) turn out to be the same equations that were found in Reference 5 at
GEO. Thus, the linearized equations of motion for small motions about along-track equilibria
in Egs. (4.7) and about orbit normal equilibria in Eqs. (4.11) form a general framework that
covers both circular GEO and collinear libration point departure motion. By changing the
constant o either motion is described. Furthermore, in Eq. (4.7c) the stiffness term on 0L is
the only difference in the separation distance differential equation from Reference 5. Thus,
the equations of motion are slightly different at a collinear libration point, but no significant
changes in the stability behavior are expected. And, note that Eq. (4.7c) for along-track
and Eq. (4.11c) for orbit normal reference configurations provide the necessary relationship
between the change in relative separation of the satellites L and the additional charge

product d(Q) required.
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4.1.2  Hybrid Feedback Control Development

Under the influence of external disturbances, the two-craft formation deviates from the
desired equilibrium configuration. Because the deviations from the desired equilibrium con-
figuration are small, linear control design techniques are used to stabilize the motion without

exceeding the charge requirements.

4.1.2.1 Along-Track Configuration

In this section, the stability of the linearized along-track equations of motion given by
Eq. (4.7) is investigated and a hybrid feedback control law that stabilizes the system is
developed. It is clear from Eq. (4.7) that the out-of-plane angle ¢ is decoupled from the in-
plane angle ¢ and separation distance error L. On the other hand, Egs. (4.7b) and (4.7¢) are
the coupled in-plane angle ¢ and separation distance error § L equations of motion. There-
fore the in-plane motion can be controlled with Coulomb forces using a partial-state charge
feedback control defining the small charge product variation with a proportional-derivative
feedback control of small separation distances. The Coulomb force acts along the relative
position vector due to the charges of each craft and thus, these Coulomb charges can be used
to control the spacecraft separation distance. A proportional-derivative feedback control of

dL is designed by defining®

2

mimelia (051 i) (4.12)

5Q - (m1 + mz) kc

Substituting this expression for 6@ in Eq. (4.7c), the closed-loop separation distance dy-

namics become
6L+ (Cy — 3(1 — 0)?)6L 4+ Cy0 L — (2QLyeg)th = 0 (4.13)

Since the 6L differential equation does not involve a 6L damping term, the derivative
feedback is essential for asymptotic convergence. A procedure similar to that used in Refer-
ence 5 at GEO, the Routh-Hurwitz stability criterion is used to select the gains C; and Cs

to-asymptotically.stabilize. both 0L and 1. And, there are no real values for gain C; and
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C, that will stabilize the coupled system with only the Coulomb forces.® In addition to the
Coulomb forces, some thrust forces are required acting on both satellites along the by axis
that stabilize the in-plane angle 1. As shown in the Figure 4.4 these thrust forces can be

modeled as equal and opposite forces with magnitude F;. The thrust force magnitude is the

Figure 4.4: Thrust Force Directions for Along-track Configuration

second control variable with in-plane angle v feedback and it is defined as®

mimes

F1 == Lref(Klw) (414)

my1 + Mo

where K7 is the in-plane angle feedback gain. These forces introduce a net torque in the v

equation and the modified coupled equations of motion are written as

- 20
¢ * Lref

5L+ (Cy — 3(1 — 0)0?)SL + CoS L — (2QLeer)th = 0 (4.15b)

oL — (309% — K1)y =0 (4.15a)
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The charge feedback control law is implemented by determining the charges ¢; and gs.

Since ) = q1¢2, using Eq. (4.6b), the spacecraft charges must satisfy

0192 = Qref + 0Q) (4.16)

where Qef value is evaluated from Eq. (4.5) while Q) value is given by the charge feedback
law expression in Eq. (4.12). Due to the above constraint yielding an infinite number of
solutions, the following implementation is used where equal charges in magnitude across the

craft are chosen.

q1 = V| Qret + 0Q)| (4.17)

P2 = q (4.18)

Because 0Q) < Qe and Qe > 0, note that here Qer + 0Q) > 0 which implies that ¢; > 0
and ¢qo > 0.

In order to prevent numerical difficulties due to a small value of €2, the linearized attitude
dynamics Eqgs. (4.7a) - (4.7b) and the closed loop separation distance dynamics given in

Eq. (4.13) are made independent of 2 by the following transformation

dr = Qdt (4.19a)
o — d(x) _ 1d(x)

) ="=qg @ (4.19b)

Thus, the orbit rate (€2) independent linearized equations of motion for a two-craft Coulomb

tether formation at any collinear libration point are given by

¢ +¢=0 (4.20a)
W'+ L2 5L — (30 — Ky)ih =0 (4.20b)
ref
SL" + CodL — 2Lyeth’ + (Cy — 3(1 — 0))6L = 0 (4.20¢)
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where C’Q = %, (:H = % and f(l = % are non-dimensionalized feedback gains. Routh-
Hurwitz stability criteria are used to fine tune these gain values that satisfy the stability

requirements. The characteristic equation for the coupled §L and 1) equation is

)\4 + C’g)\g + (1 + él + Kl))\2 + éQ(K]_ — 30’))\ + 01[21 — 3[(1

+ 90 — 3Cy0 + 3K,0 — 90* =0 (4.21)

Roots of Eq. (4.21) should have negative real parts for asymptotic stability. For all roots to
have negative real parts, a Routh table construction allows one to determine the following

necessary constraints on the gains C;, Cy and K;

Cy > 3(1—0) (4.22a)
Cy >0 (4.22b)
K, > 30 (4.22¢)

To fix the gain values that satisfy the stability criteria in Eq. (4.22), near ideal damping
conditions are assumed. Let the scaling factors nq, ny and 3 be positive and real such that

the gains are rewritten as

Cy=ny>3(1-0) (4.23a)
Cy = B/ (4.23b)
K| =ny>30 (4.23c)

The natural frequency of the v equation is v/ns — 30 and is independent of the choice of
C, and Cy, and the natural frequency for the 6L equation is \/m . For the ¢’
coupling term in the §L equation to serve as a defacto damping term, n; and ns are chosen
in such a way that these frequencies match. The value of ns is chosen as 60 and for this
fixed ny value, the root locus for the coupled §L and v equations is studied for a range of 8
values in the vicinity of § = 2, with n; varying from 0.1 to 20. The root locus plot analysis

yield the optimal scaling factors to be = 2.3 and n; = 2.96.
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The out-of-plane angle ¢ can be asymptotically stabilized by using an equal and opposite
thrust force on both the satellites along the b; axis. The thrust force magnitude Fj is the
third control variable with ¢ feedback and it is defined as®

mi1me .
Fs=———L.4(K 4.24
3= T T, £(FK20) (4.24)

where K5 is the out-of-plane angle feedback gain. These forces introduce a net torque in the

¢ equation and the modified equation of motion is written as
¢ + K +¢=0 (4.25)

where K, = % and K, = 2 yields critical damping.

Figure 4.4 illustrates the thrusters in action along the by and by axes for the along-track
configuration.® For the satellite 1, the thrusting force F; acts along the positive by direction
and the force Fj is acting along the negative Fj direction. For the satellite 2, the direction
of these forces are in reverse. To avoid any potential plume exhaust impingement issues, all

thruster forces are directed in orthogonal directions to the cluster line of sight vector (133)

4.1.2.2  Orbit Normal Configuration

In the orbit normal configuration, the equation of motion of the separation distance error
0L is decoupled from the angles. Instead, equations of motion of the two out-of-plane angles
¢ and 6 are coupled. Consequently, the separation distance can only be stabilized using the
linearized Coulomb forces and some thrust force is needed to stabilize the angles. In order to
control the natural frequency as well as to make § L. equation of motion asymptotically stable,
a separation distance error and error rate (5L,5L) feedback through the control variable 6¢)

is sufficient. The feedback control law is defined as®

2

L .
T2t (051 — Cy1) (4.26)

5Q - (m1 + mg) kc

where C; > —30? and C, > 0 are the position and velocity feedback gain, respectively.
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The closed loop separation distance error equation is expressed as
SL 4 (Cy 4 3002)0L + Co6L =0 (4.27)

The separation distance equation is critically damped by fixing Cy > 2v/30Q2 + C;.

Thrust forces on both the satellites can be used to stabilize the coupled out-of-plane
angles.> The thrusting force F} is acting along the positive b, direction and the force Fj is
acting along the positive by direction for the satellite 1. The direction of these forces are in
reverse for the satellite 2. Note all thruster forces are directed in orthogonal directions to the
cluster line of sight vector (133) and thereby avoid any potential plume exhaust impingement

issues. The feedback control laws for the thrust force magnitudes are defined as®

mymes

Fi = —— L. (K50 4.28

. 1(F20) (4.28)
mimes ;

= — LK K 4.29

= (K19 + K30) (4.29)

where K7 and K3 are the ¢ angle and angle rate gains, and K is the 6 angle gain. These
forces introduce torque into the angular equations of motion. Therefore the nondimensional

closed loop equations are

¢ —20 + (K, —1)¢+ Kz =0 (4.30a)
0" + (Ko — (1+30))0+2¢ =0 (4.30D)
SL" + (Cy 4 30)0L + CodL' =0 (4.30¢)

The characteristic equation of the coupled equations of motion given in Eqs. (4.30a) and

(4.30D) is

Mp KX 4+ (24 Ky + Ky — 30)A2 + (= K5 + Ky K3 — 3K50)\

+1- K, — Ky + K Ky + 30 —3K,0 =0 (4.31)

= % and K3 = % are non-dimensionalized feedback
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gains. The Routh-Hurwitz criterion establishes the following constraints on the gains

K >1 (4.32a)
Ky >1430 (4.32b)
K3 >0 (4.32¢)

To fix the gain values that satisfy the stability criteria in Eq. (4.32), near ideal damping
conditions are assumed. Let the scaling factors n and 8 be positive and real such that the

gains K and K3 are rewritten as

Ki=n>1 (4.33a)
Ky =pvn—1 (4.33b)

In the equation of motion for ¢, ignoring the 0 term guarantees critical damping. Fixing
values of Ky > 1 + 30, the root locus is analyzed for the coupled ¢ and 6 equations for a
range of 3 values in the vicinity of S= 2 with n varying from 1.1 to 10. For K, = 2+ 30,

root locus analysis yields the optimal scaling factors to be = 2.5 and n = 2.7.

4.1.8  Numerical Simulation

The performance and stability of a 25 m along-track and orbit normal Coulomb formation is
illustrated in the following numerical simulations at Earth-Moon L, libration point. The hy-
brid feedback control strategy is illustrated and the Coulomb tether performance is simulated

for both the linear and non-linear formulations.

4.1.3.1 Along-Track Configuration

Table 4.1 lists the simulation parameters and the values used for the along-track Coulomb
tether configuration with a separation distance of 25 meter. The parameters n; and (3 are

selected based on root locus plot analysis where the gains Cy, Co and K; computed from
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Eq. (4.23) satisfy the stability criteria in Eq. (4.22) and that lead to effective damping.
The two-craft Coulomb tether performance at the collinear libration point Ly is simulated
by integrating the linearized equations of motion in Eqgs. (4.20b), (4.20c) and (4.25) and
then compared with the results obtained from integrating the non-linear equations of motion
in Eq. (4.2). During this simulation, the Debye length is assumed to be zero in order to

investigate the effects of linearization on the relative motion.

Table 4.1: Input Parameters Used in Along-track Simulation for Lo

Parameter \ Value \ Units ‘
my 150 kg
mo 150 kg
Lref 25 m
ke 8.99 x 10° S
Qret 0.002023 uC?
Q 2.661699 x 107¢ | rad/sec
0L(0) 0.5 m
¥ (0) 0.1 rad
»(0) 0.1 rad

n 2.96

15} 2.3

o 3.190432478

Cy 2.96

Cy 3.95706

kl 60

K, 2

Figure 4.5(a) shows the Coulomb tether motion with the charge feedback law augmented
with the thrust forces generated using conventional thrusters. The pitch motion ¢, yaw mo-
tion ¢ and the separation distance deviation d L converged to zero justifying the linearization
assumptions. Also, stabilizing the separation distance to zero also stabilized the in-plane
rotation angle after about 1.1 orbits. Figure 4.5(b) shows the spacecraft control charge ¢
usage for both the linear and non-linear simulation formulations. The charge results for both
converge to the static equilibrium reference value q,.. Unlike zero charge required for along-

track equilibrium configuration at GEO, non-zero charge is required at L. For along-track
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Figure 4.5: Simulation Results at L, for Two-Craft in the Along-track Direction with a
Separation distance of 25 m
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equilibrium, the control charges ¢; and ¢y are both positive. Since the control charges are
less than that of micro-Coulombs, they can easily be implemented in practice using charge
emission devices. Figure 4.5(c) shows the thrusting force that is required to stabilize the
angles which is less than micro-Newtons. To avoid plume impingement issues, the thrusting
always takes place in the b, and by directions perpendicular to the craft orientation which
is along the by axis. Furthermore, Figure 4.5 show that the non-linear simulations shown as

dashed lines closely follow the linearized simulations shown as continuous lines.

4.1.3.2  Orbit Normal Configuration

Table 4.2 lists the simulation parameters and the values used for the orbit normal Coulomb
tether configuration with a separation distance of 25 meter. The same spacecraft parameters
and nominal separation distance are used as in Table 4.1. Table 4.2 lists the reference
charge, n and  parameters, and the gains. The parameters n and [ are selected based
on root locus plot analysis. The gains Cy, Co, K, Ky and K3 computed from Eq. (4.33)
satisfy the stability criteria in Eq. (4.32) and also lead to effective damping. The two-craft
Coulomb tether performance at the collinear libration point Lo is simulated by integrating
the linearized equations of motion in Eq. (4.30) and then compared with the results obtained
from integrating the non-linear equations of motion in Eq. (4.8). In this simulation, in order
to investigate the effects of linearization on the relative motion the Debye length is assumed

to be zero.

Table 4.2: Input Parameters Used in Orbit Normal Simulation for Lo

’ Parameter \ Value \ Units ‘

Qret 0.002946 | pC?
n 2.7
B 2.5

o 0

s N30

K, 2.7

K, 2+ 30

K 3.2596
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Figure 4.6(a) shows the Coulomb tether motion with the charge feedback law augmented
with the thrust forces generated using conventional thrusters. The roll motion #, yaw motion
¢ and the separation distance deviation L asymptotically go to zero. Also, the separation
distance error is critically damped and the motion stabilized after about 1.4 orbits. Figure
4.6(b) shows the spacecraft control charge ¢; usage for both the linear and non-linear simu-
lation formulations. The charge results for both converge to the static equilibrium reference
value ¢y,.. For orbit normal equilibrium, the control charges ¢; and ¢, are both positive. Since
the control charges are less than that of micro-Coulombs, they can easily be implemented in
practice using charge emission devices. Figure 4.6(c) gives the thrusting force that is required
to stabilize the angles which is less than micro-Newton level. To avoid plume impingement
issues, thrust force F; acts in the 131 direction and thrust force F5 acts in the 52 direction
both perpendicular to the craft orientation which is along the by axis. Furthermore, Figure
4.6 show that the non-linear simulations closely match the linearized simulations justifying

the linearization assumptions.
4.2 Linear Dynamics and Stability Analysis - Triangular Libration Points

4.2.1 Charged Relative Equations of Motion
4.2.1.1 Along-Track Configuration

This section derives the equations of motion of a two-craft Coulomb tether whose center of
mass is at the triangular equilibrium point L, as shown in Figure 4.7 and nominally aligned in
the along-track direction of the orbit frame. This derivation closely resembles the derivation
of the equations of motion for a two-craft Coulomb tether at any collinear libration point
given in section 4.1 The two distance vectors R; and Ry of L, in the synodic frame from

the two primaries in the plane are given by

71330 + dl r:ro - d2
SRl == Tyo and SR2 == Tyo (434)
0 0
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Figure 4.6: Simulation Results at Ly for Two-Craft in the Orbit Normal Direction with a
Separation distance of 25 m
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Figure 4.7: Euler Angles Representing the Attitude of Coulomb Tether with Respect to the
Orbit Frame at Ly

where « is the angle between the synodic frame at the barycenter O and the orbiting frame
at L, as shown in Figure 3.7. For Earth-moon system, the value of «v is 60.31 degrees.!®

Assuming the following definitions for the circularly restricted three-body system

A, = cosa +V3sina (4.35a)
B, =sina —V3cosa (4.35Db)
Cy = cosa — V3sina (4.35¢)
Dy =sina + V3cosa (4.35d)

and from the Lagrangian formulation the nonlinear equations governing the yaw angle ¢ out
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of the orbital plane, the pitch angle v in the orbital plane, and the separation distance L

become

¢+ %q’s + cos ¢ sin ¢( (1) + Q)

+ ZQQ((l —v)(Ay sint + B, cos)? + v(C, sinty + D, cos))?)) =0 (4.36a)
U —2(¢ + Q) (P tan ¢ — %) - 292((1 —v)(A, siny + B, cos)(A, siny — B, cosv)
+v(Cy siny) + D, cos)(C, cost) — D, sinyy) =0 (4.36Db)

L— L(¢* + (¢ + Q)% cos® ¢ — O
+ §(:052 (1 — v)(Aq siny + B, cos)? + v(Cy sin + D, cosp)?)

4

ke 1 mqy+me
Lo—— """ _0 4.36
my  L?  ms ( °)

The linearized version of the nonlinear equations in Eq. (4.36) comes from expanding in a
Taylor series about the equilibrium states given in Eq. (4.9). Both the roll and pitch equations
of motion are linearized about small roll and pitch angles respectively. The separation
distance equations of motion are linearized about small variations in dL as well as small
variations in the product charge term 0Q) defined as in Eq. (4.6).

Mission requirements determine the reference separation length L., and, Q.. is deter-

mined from the following constraint on a particular choice of L

3 L3, mims
rof = —— 2t 2 4.37
Q f 40EQAT1 k. ™y + ( )
where
opgam = 1+ 2cos® o+ V/3sin2a (2v — 1) (4.38)
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Performing the necessary linearizations yields

¢+ (14 §UEQAT1)QQ¢ =0 (4.39)

4

.20 . 3
'QD + 7 oL — §UEQATSQQ @D =0 (439b)

ref
. .9 3 ke 1
5L, — 20Lth — S0p0An 6L — = Trgars P Luct ) — (Ko L MMM 0 (4.39)
My Lier ma
with

opoaT2 = V3 cos 2 (2v — 1) — sin 20 (4.40)
opQars = V3sin2a (1 — 2v) (4.41)

Thus, Egs. (4.39a) and (4.39b) represent the linearized attitude dynamics of the Coulomb
tether body frame B and Eq. (4.39¢) represents the linearized separation distance differential
equation about the static along-track reference configuration at a triangular libration point.
As opposed to the collinear solution, the ¢ and dL terms here are the new components;
however, due to the quite small values of oggar; = 0.03633 and oggares = 2.04056 x 10~ at
Ly, its effect is negligible on the separation distance differential equation. Furthermore, since
opQars = 1.45432, the dynamics at L, become similar to those found in Reference 5 for along-
track 2-craft formation at GEO. Hence, the stability behaviour should be approximately the

same as that observed in Reference 5.

4.2.1.2  Orbit Normal Configuration

This section derives the equations of motion of a two-craft Coulomb tether whose center
of mass is at the triangular equilibrium point L, as shown in Figure 3.7 and nominally
aligned in the orbit-normal direction of the orbit frame. This derivation closely resembles
the derivation of the equations of motion for a two-craft Coulomb tether at any collinear
libration point given in section 4.1. The synodic frame setup is already explained in section

4.1. Using the Lagrangian formulation, The nonlinear equations governing the yaw angle ¢
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and the roll angle 6 out of the orbital plane, and the separation distance L become

b+ %(qﬁ — Qsinf) — Qf cosf — 411((92 cos 20 + Q% — 26%) sin 2¢ + 496 cos § cos 2¢)
2
— %((1 —v)(Aycospsinb + B, sin ¢)(—A, sin ¢ sin 6 + B, cos ¢)
+ v(C, cospsinb + D, sin¢)(—C, singsiné + D, cos¢)) =0 (4.42a)

0 + 2%(0 + Qcosftan ¢) — %Q2sin29+ Qo cos B sec? ¢

— 20¢ tan ¢ + Q¢ cos 0 cos 2 sec? ¢
3

- 192((1 —v)((A2sin 0 + A,Batan ¢) + v(C2sinf + C,D, tan ¢)) = 0 (4.42b)

L— %(392 + 20% + 4¢* — 202 cos 260 cos? ¢ — (9% — 20%) cos 26

— 8Q¢psin 0 + 400 cos 0 sin 2¢) + Q2L

- ZQQL((l —v)(Aq cos psind + B, sin¢)® + v(C, cos ¢sind + D, sin ¢)?)

ke .1 mqy+mse
fo——_"=_0 4.42
my L% mgy ( °)

where

A, = cosa +V3sina (4.43a)
B, =sina — V3 cos (4.43b)
Cy = —cosa + V3sina (4.43c)
Dy = —(sina + V3 cos ) (4.43d)

The linearized version of the nonlinear equations in Eq. (4.42) comes from expanding in a
Taylor series about the equilibrium states given in Eq. (4.9). Both the yaw and roll equations
of motion are linearized about small yaw and roll angles respectively. The separation distance
equations of motion are linearized about small variations in L as well as small variations in
the product charge term 0Q) defined as in Eq. (4.6).

Mission requirements determine the reference separation length L., and, Q.. is deter-
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mined from the following constraint on a particular choice of L,

3
Q £ = QQ Lref mims
ref —

k. my + mo

where
opgont = 1+ 2 cos® a + V3 sin 2a (2v —1)

Performing the necessary linearizations yields

3 3 .
o—(1+ ZO’EQONI)Q2¢ - ZO'EQON2Q20 —2Q00=0

. 3 3 .
60— (1+ ZO'EQONB)ng - ZUEQON292¢ +2Q¢ =0

. ko 1
5L+ 3020L — (Lo L T2y 50 g
mi Lref ™o

with

OEQON2 = V3 cos 2a (2v — 1) — sin 2«

opgons =1+ 2sin® o + V3 sin 2 (1-—2v)

104

(4.44)

(4.45)

(4.464)
(4.46b)

(4.46¢)

(4.47)
(4.48)

Thus, Eqgs. (4.46a) and (4.46b) represent the linearized attitude dynamics of the Coulomb

tether body frame B and Eq. (4.46¢) represents the linearized separation distance differential

equation about the static orbit-normal reference configuration at a triangular libration point.

As opposed to the collinear solution, the § term in Eq. (4.46a) and the ¢ term in Eq. (4.46b)

are the new components; however, due to the quite small value of opgrr2 = 2.04055 x 10~

at Ly, its effect is negligible on the coupled attitude differential equations. The separation

distance differential equation is exactly the same to that found in Reference 5 for orbit-normal

2-craft formation at GEO. Furthermore, since oggrge1 = 0.03633 and cgpgres = 3.9636 , the

dynamics at L, become very similar to those found in Reference 5. Hence, the stability

behaviour should be approximately the same as that observed in Reference 5.
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4.2.2  Hybrid Feedback Control Development
4.2.2.1 Along-Track Configuration

Using the out-of-plane angle ¢ feedback from Eq.(4.14) for ¢ differential equation, in-plane
angle 1) feedback from Eq.(4.22) for ¢ equation, and proportional-derivative feedback control
of 6L from Eq.(4.12), the orbit rate €2 independent linearized equations of motion for a two-

craft Coulomb tether formation at the triangular libration point L, are given by

17 g / 3
¢ + Ky +(1+ ZaEQATlm =0 (4.49a)
" 2 7 3 ing
77/} + I f(;L - (§O-EQAT3 - Kl)@/J =0 (449b)
4 g ! 7 ol 9 3
(SL + CQ(SL — 2Lref¢ + (Cl — ZO-EQATI)(SL — 5 O'EQATQLref@/J =0 (449C)
where C~’1 = %, 02 = %, f(l = % and f(g = % are non-dimensionalized feedback gains.

Routh-Hurwitz stability criteria can be used to fine tune these gain values that satisfy the

stability requirements. The characteristic equation for the coupled §L and 3 equation is

. .9 3 - 3.
M4 O+ (4+C — 10EQATI — §O'EQAT3)>\2 + (CoKy + 30pgar2 — §CQUEQAT3)
S 9 . 3~ 27
+ (C1 K4 — ZKlgEQATl - 5010EQAT3 + gUEQATlCTEQAT?)) =0 (4.50)

Roots of this equation should have negative real parts for asymptotic stability. A Routh
table allows one to determine the following necessary constraints on the gains C, Cy and

K, that ensures all roots have negative real parts

~ 9
Gy > 10EQATL (4.51a)
~ 3
Cy > 10EQAT? (4.51b)
~ 3
Ky > 50 BQAT3 (4.51c)

To fix the gain values that satisfy the stability criteria in Eq. (4.51), near ideal damping

conditions are assumed. Let the scaling factors nq, ny and 3 be positive and real such that
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the gains are rewritten as

~ 9

Cl =Ny > Z_lo-EQATl (452&)
Cy = By/my (4.52b)
~ 3
Ky =ny > 30EQATS (4.52¢)

The natural frequency of the ¥ equation is |/ngs — %O‘EQ ars and the natural frequency for
the L equation is y/n; — %O'EQATL For the 7" coupling term in the 6L equation to serve as

a defacto damping term, n; and ns are chosen in such a way that these frequencies match.
The value of ny is chosen as 40pgars and for this fixed ny value, the root locus for the
coupled 0L and 1 equations is studied for a range of # values in the vicinity of § = 2, with
ny varying from 0.1 to 5. The root locus plot analysis yield the scaling factors to be g = 2.0
and n; = 2.2. The out-of-plane angle ¢ can be asymptotically stabilized by using an equal
and opposite thrust force F3 on both the satellites along the 133 axis. The out-of-plane angle
feedback gain K, = 2 yields critical damping.

4.2.2.2  Orbit Normal Configuration

For orbit normal configuration at the triangular libration point, the same line of reason-
ing discussed for collinear libration points is followed here. Using the out-of-plane angle
and angle rate ¢, ¢ feedback from Eq.(4.29) for ¢ differential equation, out-of-plane angle 6
feedback from Eq.(4.28) for 6 equation, and proportional-derivative feedback control of 6L
from Eq.(4.26), the orbit rate €2 independent linearized equations of motion for a two-craft

Coulomb tether formation at the triangular libration point L, are given by

" / ng 3 3 ing !
gb — 20 + (Kl —1- ZO-EQONI)Qb — ZO'EQONQQ + Kggﬁ =0 (453&)
" ~ 3 3 /
0 + (Kg —1— ZO'EQON;g)Q — ZUEQON2¢ + 2¢ =0 (453b)
OL" 4 (Cy +3)0L + CodL =0 (4.53¢)
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where él = %, C’Q = %, f(l = %, f(g = % and Kg = % are non-dimensionalized feedback
gains. Routh-Hurwitz stability criteria can be used to fine tune these gain values that satisfy

the stability requirements. The characteristic equation for the coupled ¢ and 0 equations is

) 3
M4 KN+ 2+ K + Ky — Z(UEQONl + opgons))A\?

. 3 - ~ -3 3
+ K3(Kp — 1 - ZUEQON«%))‘ +1—- K — Ky + K1 Ky + 17EQON1 = 1OBQONI
9 3 -
- EU%Q0N2 + 1 7EQON3 — ZKIUEQON3 + 167 EQON19EQONS = 0 (4.54)

Roots of this equation should have negative real parts for asymptotic stability. A Routh

table allows one to determine the following necessary constraints on the gains

~ 3

K1 > ZUEQONl -3 (455&)

~ 3 9

Ky >1+ —O0EQON3 — _0-]25‘QON2 (455b)
4 64

K3 >0 (4.55¢)

To fix the gain values that satisfy the stability criteria in Eq. (4.55), near ideal damping
conditions are assumed. Let the scaling factors n and 8 be positive and real such that the

gains K and K3 are rewritten as

~ 3
K1 =n > ZO'EQONl -3 (456&)

Ks=pvn—1 (4.56b)

In the equation of motion for ¢, ignoring the @ term guarantees critical damping. Fixing
values of Ky > 1+ 20pqoNs — %U%QO ~No, the root locus is analyzed for the coupled ¢ and 6

equations for a range of § values in the vicinity of f= 2 with n varying from 1.1 to 10. For

Ky =2+ 300N — %J%QO N2, Toot locus analysis yields the optimal scaling factors to be

b= 2.5 and n = 2.7.
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Table 4.3: Input Parameters Used in Along-track Simulation for L,

’ Parameter \ Value \ Units ‘
Qref —2.51682 x 1075 | pC?
ny 2.2
B 2.0
OEQAT1 0.036337
OEQAT?2 2.04056 x 10_4
OEQAT3 1.45432

o 2.2

Cs 2.91083

K, 5.81728

K, 2

4.2.8  Numerical Stmulation
4.2.3.1 Along-Track Configuration

The along-track Coulomb tether with a separation distance of 25 meter is simulated at Ly.
The same spacecraft parameters and nominal separation distance are used as in Table 4.1.
Table 4.3 lists the reference charge, parameters, and the gains. The parameters n; and [
are selected based on root locus plot analysis. The gains C;, Cy and K, computed from
Eq. (4.52) satisfy the stability criteria in Eq. (4.51) and lead to effective damping. The
two-craft Coulomb tether performance at the triangular libration point L, is simulated by
integrating the linearized equations of motion in Eqs. (4.49) and then compared with the
results obtained from integrating the non-linear equations of motion in Eq. (4.36). During
this simulation, the Debye length is assumed to be zero in order to investigate the effects
of linearization on the relative motion.  Figure 4.8(a) shows the Coulomb tether motion
with the charge feedback law augmented with the thrust forces generated using conventional
thrusters. The pitch motion v, yaw motion ¢ and the separation distance deviation §L
converged to zero. Also, stabilizing the separation distance to zero also stabilized the in-
plane rotation angle after about 1.4 orbits. Figure 4.8(b) shows the spacecraft control charge

¢1 usage for both the linear and non-linear simulation formulations. The charge results for
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Figure 4.8: Simulation Results at L, for Two-Craft in the Along-Track Direction with a
Separation distance of 25 m
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both converge to the static equilibrium reference value ¢;,.. Unlike zero charge required for
along-track equilibrium configuration at GEO, non-zero charge is required at Ls. However,
the non-zero reference charge (-2.51682x107°1C?) is very small compared to that of at L,
(0.002946 ;C?). For along-track equilibrium at L4, the control charge g is the negative
of qo. Since the control charges are less than that of micro-Coulombs, they can easily be
implemented in practice using charge emission devices. Figure 4.8(c) gives the micro-Newton
level thrusting force that is required to stabilize the angles. To avoid plume impingement
issues, the thrusting always takes place in the b, and bs directions perpendicular to the
craft orientation which is along the b, axis. Furthermore, Figure 4.8 show that the non-
linear simulations shown as dashed lines closely follow the linearized simulation shown as

continuous lines.

4.2.8.2  Orbit Normal Configuration

The orbit normal Coulomb tether with a separation distance of 25 meter is simulated at
L,. The same spacecraft parameters and nominal separation distance are used as in Table
4.2. Table 4.4 lists the reference charge, parameters, and the gains. The parameters n and
[ are selected based on root locus plot analysis. The gains C4, Cy and K; computed from
Eq. (4.56) satisfy the stability criteria in Eq. (4.55) and lead to effective damping. The
two-craft Coulomb tether performance at the triangular libration point L, is simulated by
integrating the linearized equations of motion in Egs. (4.53) and then compared with the
results obtained from integrating the non-linear equations of motion in Eq. (4.42). During
this simulation, the Debye length is assumed to be zero.

Figure 4.9(a) shows the tether motion, charge on a single craft and thrust forces, respec-
tively. Similar to the results at Ly, the Coulomb tether motion at L, uses the charge feedback
law augmented with the thrust forces. The roll motion #, yaw motion ¢ and the separation
distance deviation 6L asymptotically go to zero and the motion is stabilized after about 1.3
orbits. Figure 4.9(b) shows that the charge results for both both the linear and non-linear
simulation formulations converge to the static equilibrium reference value ¢q,.. For orbit

normal equilibrium at L4, the control charges ¢; and ¢, are both positive. To avoid plume
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Figure 4.9: Simulation Results at L, for Two-Craft in the Orbit Normal Direction with a
Separation distance of 25 m
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Table 4.4: Input Parameters Used in Orbit Normal Simulation for L,

’ Parameter \ Value \ Units ‘
et 9.23505 x 10~* | puC?
n 2.7
16 2.5
OEQON1 0.036337
OEQON2 2.04056 x 10_4
OEQON3 3.96366
cy 0
C, 3.4641
K, 2.7
K, 4.97274
K, 3.25960

impingement issues, thrust force F; acts in the l~71 direction and thrust force F5 acts in the 52
direction both perpendicular to the craft orientation which is along the by axis. Furthermore,
Figure 4.9 show that the non-linear simulations depicted as dashed lines closely follow the

linearized simulations depicted as continuous lines justifying the linearization assumptions.
4.3 Summary

The feasibility of a two-craft Coulomb formation concept is studied at libration points for
along-track and orbit normal equilibria. The assumption is that the sunlit areas of the two-
craft are equal such that the differential solar radiation pressure on the formation is zero.
The new two-craft dynamics at the libration points provide a general framework in which
circular Earth orbit dynamics form a special case. The general equations of motion for
collinear libration points have a ¢ parameter which varies for each collinear libration point.
Interestingly, setting "o = 1”7 yields the same equations of motion for along-track and orbit
normal equilibrium configurations in circular Earth orbits.® Though there are additional
terms in the equations of motion for along-track and orbit normal equilibrium configurations
at the triangular libration points, the effect of these additional terms on the dynamics is

small. Therefore, the dynamics and the stability conditions are similar to those found in
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Reference 5 for along-track and orbit normal equilibrium 2-craft formation at GEO. Both
virtual Coulomb tether configurations are stabilized with a hybrid control of Coulomb forces
and conventional thrusters that stabilize the separation distance and orientation respectively.
The control charges needed are very small, on an order much less than micro-Coulombs and
thus, realizable in practice. The thrusting forces required are less than micro-Newtons in
magnitude and are applied in orthogonal directions. Numerical simulations illustrating the

linearized performance predictions are compared against nonlinear system responses.
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Chapter 5

OPTIMAL RECONFIGURATIONS OF TWO-CRAFT
COULOMB FORMATION IN CIRCULAR ORBITS

The second part of the thesis investigates optimal reconfigurations of a two-craft Coulomb
formation in circular Earth orbits by applying nonlinear optimal control techniques. The ob-
jective of these reconfigurations is to maneuver the two-craft formation between two charged
equilibria configurations. The four optimality criteria considered are minimum reconfigura-
tion time, minimum acceleration of the separation distance, minimum Coulomb and electric
propulsion fuel usage, and minimum electrical power consumption. The goal is to determine
optimal reconfigurations maximizing the use of Coulomb propulsion while minimizing the
electric propulsion usage.

In this chapter, the basic optimal control problem for the general nonlinear system is
discussed with state-control constraints such that a performance measure is minimized.?"-2%:33
The application of the Pontryagin’s Minimum Principle yields the necessary conditions for
optimal control. Then, for a two spacecraft Coulomb formation in circular Earth orbits, the
nondimensionalized nonlinear equations of motion are derived. The optimal control problem
formulations for a two-craft formation are discussed with the choices of the cost function,
control variables and constraints, and, for the problem formulations at hand, the Pontryagin’s
necessary conditions are presented. Three solution methods for discretizing the optimal
control problem are explored: the indirect multiple shooting method,?® the direct penalty
function method,? and the pseudospectral method.?® To solve the optimal control problems
in this chapter, the pseudospectral method is eventually chosen over multiple shooting and
direct penalty function methods.

Numerical simulations consider different optimal reconfigurations of a two-craft Coulomb
virtual tether formation in circular GEO orbits: radial, along-track and orbit normal space-

craft separation distance expansion and contraction maneuvers, radial to along-track and
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radial to orbit-normal maneuvers, and a family of radial to along-track maneuvers. The
reconfiguration between equilibra is considered by varying the desired separation distance.
In a radial relative equilibrium configuration, only the Coulomb force is required for con-
trolling the in-plane motion and for steering the satellites from their initial to their final
radial position. In this reconfiguration maneuver, the gravity gradient torque stabilizes the
in-plane motion. For along-track and orbit normal equilibrium locations, the reconfiguration
maneuver requires hybrid controls. Here the Coulomb force is varied to control the sep-
aration distance and inertial micro-thrusters are activated for transverse control. In-plane
radial to along-track maneuvers and out-of-plane radial to orbit-normal maneuvers with con-
stant separation distance at the initial and final positions are investigated. Additionally, a
family of radial to along-track maneuvers with fixed separation distance in the radial direc-
tion but varying final separation distance in the along-track equilibrium are investigated as
well. Pseudo-spectral methods are used to numerically solve the two-point boundary value

problem. Pontryagin’s Minimum Principle verifies the open loop solutions’ optimality.
5.1 The Optimal Control Problem

The general family of optimal control problems considered in this thesis can be stated as
follows:** determine the state-control function pair, x(t), w(t) over [to, ;] that minimize the

cost functional,

J(t), u(t)] = E(x(ty), tr) + /t F(@(t), u(t)dt (5.1)
subject to
equations of motion fx(t),u(t) —x(t)=0 (5.2)
boundary constraints r(xz(ty), z(ty)) =0 (5.3)
path constraints h(x(t),u(t)) <0 (5.4)

where the functions F and F' are called the endpoint cost and running cost respectively. The
calculus of variations method can be used in solving the optimal control problem (OCP)

subject to the conditions imposed at the initial and final time. Using this method, the cost
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functional takes a second form in terms of the adjoint variables. So, to conveniently formu-
late the problem and solve it as a two point boundary problem a control (or Pontryagin’s)

Hamiltonian is defined as
H(x(t), u(t), A1) = F(e(t), u(t) + N (t) f(2(t), u(t)) (5.5)

where A(t) are the adjoint variables. The vanishing of the gradient of the Hamiltonian

‘H provides the Pontryagin’s necessary conditions for optimal control. According to the

*
Y

minimum principle, at each instant of time, ¢ € [t5, }], select an optimal control value, u
which globally minimizes the Hamiltonian function with A considered as a function of w

only. Therefore, u* must satisfy the Hamiltonian minimization condition (HMC),

/

Minimize  H(x(t), u(t), A(t))

(HMC) | subject to L < h(z(t), u(t)) < hV (5.6)

\

which generates a control function, (x(t), A(t)) — w*(t), which is a candidate for minimizing
the cost. Also, the control space is state dependent as well. Considering the bounded
state-control constraints a constrained calculus of variations problem can be reformulated
as an unconstrained one by applying the Karush—Kuhn—Tucker (KKT) conditions to the
HMC problem. The KKT conditions for a nonlinear programming problem provide the
gradient normality condition and the complementarity conditions. The KKT conditions can

be obtained by forming the Lagrangian of the Hamiltonian, H,
H(z(t), u(t), A1) = H(z(t), u(t), A1) + py h(z(), u(t) + poa(t) + pyut)  (5.7)

where pp,(t), p.(t) and p,(t) are the KKT (Lagrange) multipliers associated with the path

constraints, state-variable and control-variable box constraints respectively. The vanishing

oH
ou’

of the gradient of the Lagrangian of the Hamiltonian, provides the gradient normality
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condition. And the complementarity conditions are given by

(

<0 ifh(xz(t),u(t)) = hF

3

fni >0 if hi(z(t), w(t)) = hY (5.8)

=0 ifhf < hi(z,u) < hY
\

<0 ifa; =al

%

Hai§ >0 ife; =aV (5.9)

K3

=0 ifal <z <al

<0 ifu; =ul

Lai§ >0 ifu; = u? (5.10)

(2

I
o

oo L U
ifuy < u; <

The complementarity conditions associated in minimizing the control Hamiltonian provide
the switching structure.

Collecting all the necessary conditions for the optimal control problem yields the state,
adjoint, transversality and HMC conditions for all ¢ € [tj,#}] given below. Therefore, an
optimal solution must satisfy the below necessary conditions. Furthermore, since the cost
and the dynamics do not explicitly depend on time then at an optimal solution where the
cost functional is at a minimum leads to 2% = 0. This condition along with the transversality

ot

condition in Eq. (5.11c) gives the Hamiltonian function value at the optimal state-control
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function pair which can be later used to check the optimality of the numerical results.

& (1) = %(w*(t),u*(t), A1) (5.11a)
A (1) = —g—Z(az*(t), w* (), A (1)) (5.11b)
O @t~ 30| e+ [ 0.3 )+ a0 a1y =0

(5.11¢)
(e (1), (1), X (1), (1) _, _—

5.2 Two-Craft Nonlinear Equations of Motion

The equations of motion for a two spacecraft Coulomb formation with hybrid thrusting (both
electrostatic and inertial thrusting) are briefly derived in this section. The notation is similar
to that used in Reference 5. In order to describe the relative motion of the satellite with
respect to the formation center of mass a rotating Hill orbit frame O : {0,, 64, 05} as shown

in Figure 5.1 is chosen.’

'. 0
circular motion . m, \&Rl
of center of mass _ - (0

Figure 5.1: Euler Angles Representing the Attitude of Coulomb Tether with Respect to the
Orbit Frame
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The formation center of mass is assumed to be the origin of this rotating Cartesian
coordinate system and the relative position vector of the i'" satellite is defined as p; =
(i, yi, zi)T; where the x; component is in the 6, direction (orbit radial), the y; is component
in the 0y direction of orbital velocity (along-track), and the component z; is in the o
direction (orbit normal). The orbit frame origin coincides with the formation center of mass,
and the center of mass position vector r. is assumed to have a constant orbital rate of
Q= \/GTe/rff, where (G is the gravity constant and M, is the Earth’s mass.

Assume that the two-craft formation is treated as a rigid body and aligned in the radial
direction. For this orbit nadir aligned formation, consider a body fixed coordinate frame
B : {131, 132, 63} where I;l is aligned with the relative position vector p; of mass m;. In this
configuration, the O and B frame orientation vectors are exactly aligned. Furthermore, the
relative attitude between the B and O frames is represented using the 3-2-1 Euler angle
notation (¢ — pitch, § — roll, ¢ — yaw).

Using the direction cosine matrix expression given in Reference 5 to relate the O frame

to B frame, the position vectors of mass m; and ms in the O frame are expressed as

1 cos 6 cos
1) mao L .
= S 5.12
P1 m F— cos 6 sin ¢ ( a)
21 —sinf
X —cosf cosy
o my L .
= = | _ 5.12b
P2 Yo F—— cos 6 sin ) ( )
29 sin @

Furthermore, using the transport theorem,'* the inertial velocity of mass m, expressed

in the O frame components becomes

&; — Qi
“vi= |9 +Q@+r) (5.13)

Z;
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Using Eqgs. (5.12) and (5.13), the kinetic energy of the system is given by

_ 1 mamy [[? + L6 + (¢ + Q)2 cos? 0)] + % (m1 + ma) Q%2 (5.14)

T2 my + Mo
The gravitational potential energy retaining up to the second order terms is given by

1
V, = _ﬂ(m1 + my) + —ﬁMLQ(l — 3 cos? 0 cos® ) (5.15)

Te 273 my + mo

and the associated Coulomb potential for the two-craft formation is*

V., = kc%exp(—L/)\d) (5.16)

where ¢; is the satellite charge and the parameter k. = 8.99 x 10° Nm?/C? is Coulomb’s
constant. The exponential term in the expression depends on the Debye length parameter
A¢ which controls the lower bound on the electrostatic field strength of plasma shielding
between the craft. At Geostationary Orbits (GEO) the Debye length vary between 80-1400
m, with a mean of about 180 m.” The Coulomb spacecraft formation studied in this chapter
is assumed to be orbiting on high Earth orbits.

The nonlinear equations of motion are deduced from the Lagrangian £ =T — (V, + V,)

of the system in the following form

doc oL
dtog  o¢ "

¢ =(L,,0) (i=1...3)

(5.17)

where Q; is the generalized force in the ¢‘th-degree of freedom excluding gravitational effects.

For the circular orbit case, the nonlinear equations governing the separation distance L, the
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pitch angle ¥ in the orbital plane, and roll angle 6 out-of-the orbital plane are

L—L0*+ (Q+ 1) cos?0 — Q2(1 — 3cos? 0 cos? 1)) = 9 (5.18a)
m
Y cos? 0 — 20sin 0 cos O(Q + ) + 2% cos? (2 + 1) + 30% cos? 0 cos ) siny) = %
m
(5.18b)
0+ 2£9 +cos 6 sinO((Q + )% + 3Q% cos? ¢ ) = o
L mL?

(5.18¢)

mimo
mi1+msa’

where m = and Qp, Qy, 9y are the generalized forces associated with L, ¢ and

0, respectively. For a two spacecraft Coulomb formation, with F,¢ being the Coulomb force

acting between the two crafts, Q; = —Fy, and is expressed as
Fup= —kc@exp(—L/Ad)@ n £) (5.19)
L? Ad

And Q, = F,L and Qy = FyL where F, and F} are the electric propulsion (EP) thrusting
forces that introduce net formation torques in the 1 and # directions. Note that to avoid
any potential plume exhaust impingement issues both the EP thruster forces are directed in
orthogonal directions to the formation line of sight vector.

Further, to prevent numerical difficulties with very small numbers, Egs. (5.18a) - (5.18¢)

are rescaled by defining the following nondimensional variables:

L Fcf F¢ F@

T=Qt I|= , U= , Uy = , U= ——
Lref : mQQLref v mQ2Lref ’ mQQLref

(5.20)

where L, is the reference tether length. Therefore the radial equilibrium non-dimensional

equations of motion become

" — 1(9/2 + (1412 cos?0 — (1 — 3cos? b cos? ) = —u (5.21a)

V" cos? 0 + 2 cos 0(%0089 — 0 sinf)(1+v") + 3cos? 6 costp sin) = UTw (5.21Db)
" ll / . ) 2 Ug

0 +2—0 +cosf sinf((1+¢ )" +3cos“ ) =— (5.21¢)

[
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where the prime denotes the derivative with respect to non-dimensional time. And wu;,
and uy are the non-dimensional control variables. The control variable u; is associated with
Coulomb propulsion, and w, and wuy are related to electric propulsion. The equations of
motion are coupled nonlinear ordinary differential equations.

Similarly, assuming that the two-craft formation is aligned in the along-track and orbit
normal directions, the equations of motion in the respective directions are obtained. There-

fore the along-track equilibrium nondimensional equations of motion are

- l(¢l2 +(1+v)cos?¢p— (1 —3cos® ¢ sin®1))) = —uy (5.22a)
V' cos® ¢+ 2 cos ¢(17cos ¢ — ¢ sin o) (1+ Y') — 3cos® ¢ cost sinyp = UTw (5.22b)
o+ Q%le + cos ¢ sin p((1 + w/)2 + 3 sine)) = % (5.22¢)

and the orbit normal nondimensional equations of motion are

" l / / / !
I — Z<3+202+4¢2 —2cos20 cos* ¢ — (1 — 260 2)6082¢—8¢ sin 6

+ 46 cosfsin2p — 4(1 — 3 cos? ¢ sin?0)) = —u (5.23a)
" l, / ’
¢ cos® 0 + 2008(9(7C089 — 0 sin®)(1 +1) + 3cos® 6 cos) sineh = % (5.23b)
" l/ ’ ’
0 + 279 +cosO sinO((1+1)* +3 cos® ) = % (5.23¢)

Further, if the two-craft formation is treated as a rigid body and is aligned in one of the three
equilibrium configurations (radial, along-track or orbitnormal directions), the ideal product

of charges needed to achieve such static Coulomb formations are obtained from Eqs. (5.21)

as
L3
(01G2)radial = —392k—cm (L n )\d) exp(L/Aa) (5.24a)
<QIq2>along—traCk =0 (524b)
3
<q1q2>0rbitn0rmal - QzL_m d eXp(L/)\d> (524C)
k. L+ Mg
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Reference 5 obtained Eqs. (5.24) using the linearized dynamical models. Because the above
constraints yield an infinite number of charge solutions, equal charges in magnitude across
the craft are chosen. For instance, for a radial equilibrium configuration assuming equal

charges in magnitude and using Eqs. (5.19) and (5.24a) yields

@1 = V[(q192)radial| (5.25)

@ =—q (5.26)
5.3 Reconfiguration Maneuvers

The formulation of any optimal control problem involves equations describing the dynamics
of the system, the cost to be minimized, and any constraints which must be met to consider
a solution valid. This section discusses the optimal control problem formulation for optimal
two-craft formation reconfigurations, the four performance criteria used (minimum time,
minimum acceleration, minimum propulsion fuel, and minimum power consumption), and

the Pontryagin’s necessary conditions that any candidate optimal solution must satisfy.

5.3.1 Problem Statement

An optimum reconfiguration maneuver drives the two craft formation from its initial position
given by (7y) = @ at nondimensional initial time 7y to its final position given by x(7) = x;
at final time 7;, while minimizing a cost function, subject to dynamical constraints. The
state vector x is defined as

x =, 11,007 (5.27)

The four cost functions are defined below, and the dynamical constraints are presented in
Eqgs. (5.21). If tymax and ugmax are the maximum thrust forces due to electric propulsion and

Umax 1S the maximum thrust force due to Coulomb propulsion, then the control constraints

www.manaraa.com



124

are given by

—Uypmax < Uy < Urpmax (528&)
—Uimax S Uy S Ulmax (528b)
—Ufmax S Ug S UPmax (5280)

If the unconstrained control appears non-linearly in either the state dynamics or the perfor-
mance criterion (final time can be either fixed or free), the resulting optimal control solution
results in continuous control. However, if the constrained control appears linearly, then the

resulting optimal control solution results in bang-bang type controller.?"28

5.3.2  Measures of Optimality

Four measures of optimality are defined here that minimize a performance criterion (cost
function) subject to dynamical constraints. The optimality criteria are minimum time, min-
imum acceleration of the separation distance between the two craft, minimum Coulomb and
electric propulsion fuel consumption (modeled as the L'-norm of the control acceleration)

and minimum power consumption.

o Minimum Time

Minimum time cost function belong to an important class of solutions for reconfig-
uration maneuvers. They set the lower bound on achievable time and the optimal
control to obtain minimum-time response is maximum effort throughout the interval

of operation.?® The cost function to minimize is

Tf
J= / dr (5.29)
T0

Generally time-optimal control solutions are of a bang-bang type.

o Minimum Length Acceleration

For a 2-craft virtual Coulomb structure, it is desirable to keep the deployment /retrieval
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dynamics as smooth as possible for reconfigurations, so that the Coriolis forces balance
the gravity gradient forces. Hence, minimizing the length acceleration is convenient

performance measure to study. The cost function for a 2-craft Coulomb structure is

Tf "
J = / (I")dr (5.30)
which minimizes the total length acceleration, ", appearing as a quadratic function.

Minimum Propulsion Fuel

This optimization criterion seeks to minimize the Coulomb and electric propulsion
thrust magnitudes; the Coulomb thrust acts in the longitudinal direction and the
electric propulsion thrusts are orthogonal to the formation line of sight vector in the
1 and @ directions of the rotating body frame. A thrust magnitude is directly related
to the propulsion mass and the control acceleration. The minimum fuel cost function
is expressed as

Tf
J— / (W [ta] + W [1ts]| + Wy |0} (5.31)

70
where W, and W, are the weights associated with Coulomb propulsion and elec-
tric propulsion satisfying the condition W, + We, = 1. Since the cost associated with
Coulomb propulsion is negligible compared to the electric propulsion (I, values of 103~
10" seconds versus 103-10* seconds), the weight associated with Coulomb propulsion
is set to W, = 0, and accordingly W,, = 1. However, for a radial equilibrium-to-
equilibrium expansion or contraction reconfiguration there is no electric propulsion
usage as such maneuvers require no inertial thrusting. Hence the minimum propulsion
fuel cost function is not modeled for the radial-to-radial equilibrium reconfiguration
cases. For other equilibrium-to-equilibrium reconfiguration maneuvers, the cost func-

tion becomes the fuel usage of the EP propulsion system:

Tf
J:/ (| + o] )7 (5.32)

The. cost-function.used here is the L' norm of the control instead of the quadratic
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cost function (L? norm squared), because L' measures fuel use and is thus the correct
cost function for minimum fuel control. A quadratic cost-optimal controller takes more
fuel.?* Furthermore, quadratic cost controllers are continuous controllers which create
new system engineering problems such as inducing undesirable effects on precision
pointing payloads.?* Therefore, the choice for the cost function formulation is the /!

based L' norm (Ju(r)ll 1 = f ()l dr = [(lur(7)] + ... + [un(r)])dr).

Furthermore, the derivative of the [! based L! norm is discontinuous at zero, but the

introduction of more control variables resolves this issue.?®

For example, in the
direction, the control vector is represented with two positive variables, a positive and
negative measure of the control acceleration directed along the orthogonal directions
to the formation line of sight vector. Both positive components have a lower bound of
zero and an upper bound Uymax. As a consequence, the augmented control variables’
derivatives are continuous and make the problem a smooth, nonlinear programming

problem to solve. Also, only the negative or positive part of the control in one direction

is nonzero at any given point in time.

Minimum Propulsion Power The objective of this performance measure is to minimize
total electric power required to engage the Coulomb and electric propulsion methods.
The cost function is

Tf
2 2
J = / (P2 + P2)dr (5.33)

70

Assuming that the radii of the two-craft are the same, the Coulomb propulsion power

P., required to maintain the spacecraft at some steady-state potential V. is*

Py = |VieL.| (5.34)
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where the spacecraft potential V. and the current emitted I, are given by

L? A
‘/;c = \/'_kculm92€xp<[’//\d)r_2 (L +d>\d> ‘ (535)

I, = 472 J, (5.36)

where 7y is the spacecraft radius in m, and J, is the plasma current density in A/m?.

In the presence of the photoelectric effect, J,, as a function of the spacecraft potential

is!

Joo exp(=ely — g (14 Aely — g for Voe < 0
J, = W M ’ (5.37)
Jeo (14 G52) — Jio exp(F5=) — e exP(;;ZZc)(1 + %) for Ve > 0

with the electron, ion and photoelectron saturation currents given by Jeg = e€ney / ok

2mme’

Miand Jpeo. The various plasma constants in Eq. (5.37) are the

Jio = —en; 2,

electron charge e in C, ion(electron) density nie) in m™3, Boltzmann constant k in
J/K, ion(electron) temperature Tje) in K, T} is temperature of photoelectrons in K
and the ion(electron) density mje) in kg. The experimental values of these plasma

parameters during average GEO environment conditions are given in Reference 1.

The electric propulsion (EP) power P, is dependent on the control acceleration mag-

nitude (|uy |+ |ug|), thruster efficiency 7, and specific impulse Iy,. Thus, P, is modeled

3841

[y | + |uol)ve

(
Pep = mQ2Lref 277 (538)

where v, = g1, is the engine exhaust velocity. Xenon is assumed to be the propellant

utilized for the EP system and the thruster efficiency 7 is determined by the relation

bv?
— B 5.39
g v2 + d? ( )

where b = 0.81 and d = 13.5km/s are propellant-dependant coefficients derived from

theoretical and experimental data.*! For EP systems using xenon, the typical specific
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impulse limits are 1000s < I, < 7000s.*! I, is assumed to be constant over the
entire maneuver which implies a fixed engine operating with no throttling. For this
optimization criteria, the Coulomb and electric propulsion power levels are assumed to

be of the same order (between 1 to 10 Watts).

5.8.3  Pontryagin’s Necessary Conditions

Since the cost functions and the dynamical constraints do not explicitly depend on time,
a necessary condition at an optimal solution where the cost functional is at a minimum
is % = 0. This condition along with the transversality condition in Eq. (5.11c) provides
the Hamiltonian function value at the optimal state-control function pair. At an optimal
state-control function pair, for minimum time cost function the Hamiltonian function value
is -1, and for minimum acceleration, minimum fuel, and minimum power cost functions the
Hamiltonian function value is 0. These constant Hamiltonian function values for different

performance criteria are later used to check the optimality of the numerical results.
5.4 Solving the Optimal Control Problem

Optimal control problems can rarely be solved analytically, and numerical methods are

%6 The first step is to discretize the problem, which

needed in such cases to solve them.
is to define the system at discrete points which results in a finite number of variables be-
cause the system variables are only defined at the discrete points. The number of variables
for the optimal control problem is then the number of variables in the system times the num-
ber of discretization points. The consequence of discretizing the optimal control problems
explored here are nonlinearly unconstrained and constrained optimization problems. The
unstable dynamics of the two-craft Coulomb formation require a more accurate representa-
tion of the maneuver to solve the problem. There are many ways to discretize the optimal
control problem. The choice of a discretization method may lead to different sizes of discrete
problem with different theoretical and numerical properties. Solution techniques to the OCP

can be broadly classified as either indirect or direct methods. This section discusses three

methods explored for discretizing the optimal control problem presented in this thesis: indi-
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rect multiple shooting method, direct penalty function method and pseudospectral method.
To combine the pros and cons of both direct and indirect approaches, the pseudospectral

method was eventually chosen over multiple shooting and direct penalty function methods.

5.4.1 Indirect Method

Indirect methods based on the calculus of variation utilizes the first-order necessary con-
ditions for optimality given by the Pontryagin’s minimum principle (PMP). The aim is to
find an approximate solution to these necessary conditions by solving a two-point boundary
value problem. Indirect methods are based on finding the state, costate and control variables
that solve these boundary value problems. Out of wide variety of techniques available to
solve BVP, perhaps multiple-shooting method is the most accurate and reliable technique
for solving BVP involving differential equations. However, the convergence characteristics
heavily depend on a good initial guess for both the state and costate equations. Further,
the switching structure of the constraints has to be known a priori. Direct and indirect vari-
ants of shooting, multiple shooting, transcription/collocation methods are available and for
a detailed review of these solution techniques refer to Betts.?® Further, for implementation
details on indirect methods refer Reference 29.

This section presents the multiple shooting technique explored to solve an unconstrained
optimal control problem in this thesis.?® If x(¢) € R™ represents the state vector and A(t) €
R™ denotes the costate variables then find the control w(¢) € R™ that minimizes the cost
functional given in Eq. (5.1). From Eq. (5.11), the first order necessary conditions for the

extremum for an unconstrained optimal control problem become

i = g—il (5.40a)
A= _‘?)_Z‘ (5.40b)
‘3_7; _0 (5.40¢)
g—i(a;(tf)) “A(t) =0 (5.40d)
o = @(to), x; = @(t)) (5.40¢)
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Assuming that you can express the control variables in terms of the state and co-state

variables the two point boundary value problem becomes

y=p(y) (5.41a)
r(y(to), y(ts)) =0 (5.41b)
where y = [z, A]”, p(y) = [2%, —224]" and 7(y(to), y(ts)) are the boundary conditions ob-
tained from Eqs. (5.40d)-(5.40e). To apply the multiple shooting technique to the boundary-
value problem in Eq. (5.41), the time span [0,¢;] is divided into M intervals such that
0=ty <t <...<ty =ty Ineach interval, let y(¢;s?) denote the solution to the

initial-value problem

y=p(t,y), te titin) (5.42a)

y(t)=s’,i=0,1,...,M—1 (5.42D)

7))

where s/ represents the solution to the boundary-value problem in Eq. (5.41) at the nodes
1=0,1,2,..., M. An additional requirement is that the solution at each node be contin-

uous, i.e.,

y(tiﬂ; 81-) 1+1 0 1= 0, 1, 2 M -1 (543)

where y(t;41;8?) is the solution to the ordinary differential equation Eq. (5.42a) at time
t = t;+1 using the initial condition y(¢;) = s?. Further, the boundary conditions are satisfied

such that

r(sy,sh,) =0 (5.44)

The conditions (5.43) and (5.44) provide 2n(M + 1) non-linear equations in 2n(M + 1)
unknowns which can be solved in an iterative manner using Newton’s method. The multiple

shooting algorithm is summarized as follows:

www.manharaa.com




131

Given M, tg, t1,...,tym—1,8°, and a small number € > 0,
) ) ) ) ) )

1. Compute F'(s°), where

y(t1; sp) — si y
S
: 0
F(s) = ' =0;8=|: (5.45)
y(tMQ S?zl\/j—l) - 3?\4 y
S
r(sh, s4) Y

2. If [|[F(8%)]| <, 8% is the desired solution.

3. Compute As = —J1(s%)F(s°)

If |As|| < ¢, 8% is the desired solution. Here J(s) is the Jacobian matrix of the form

_AO ‘. .
0 Al Cl
J(s)=|: (5.46)
0 Ap—a Cr-1
By 0 By
with (5.47)
1
Ai_{a—sg},a_—l,z_o,l,...,M 1 (5.48)
or or
2.8, = 4
0= g 0= i o4

4. Find an o* > 0 such that F(s® + a*As) < F(s°).

5. Set s¥ = 8" + a*As.
Set F(s%) = F(s° + a*As)
Go to step 2.
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5.4.2  Direct Method

Direct methods directly solve for the unknown control variables; direct methods transform
the continuous OCP into a discrete nonlinear programming (NLP) which is solved either
by the penalty function method or augmented Lagrangian function method. In the direct
method, the state and control variables are parameterized using piecewise polynomial approx-
imations between the node points. A result of such approximations for the cost functional,
state dynamics equations, state-control constraints and boundary conditions transforms the
dynamic optimization problem to a unconstrained static optimization problem. To improve
the solution accuracy, higher-order polynomial approximations can be used; however, using
more sophisticated discretization techniques significantly increase numerical difficulties.

The major advantage of the direct method is that approximate optimal solutions are
achieved with a poor initial guess; however, the disadvantage is that the resulting static
optimization problem has a large number of unknown variables, and may be plagued with
multiple minima as a result of the discretization process. Thus, computing the actual global
minimum may be difficult, and as a result direct methods tend to give inaccurate solu-
tions. Though it is simpler and easier computationally to discretize the OCP using direct
algorithms, the method is not as accurate as indirect methods. Furthermore, many direct
methods do not provide the costate information. The direct algorithm?® explored for dis-
cretizing the optimal control problem presented in this thesis is given here.

If x(t) € R" represents the state vector and A(t) € R"™ denotes the costate variables then
find the control w(t) € R™ that minimizes the cost functional given in Eq. (5.1) subject
to the constraints in Eq. (5.2) and the specified initial conditions &y = (). Using the
Hamiltonian definition in Eq. (5.5), the dynamic constraints in Eq. (5.2) can be adjoined to
the cost functional in Eq. (5.1) via the Lagrange multipliers to get

J[x(t), u(t)] = E(z(t;),t;) + / (M= ATa)at (5.50)

to

From an initial guess, u°(t), an improved control input u!(t) is to be found, that will decrease

the value of the cost functional. Let w'(t) = u’(t) + h,(t), where h,(t) represents an

www.manaraa.com



133

increment to the initial guess. Also let x'(t) = x°(t) + h,(t), be the state trajectory that
corresponds to the control input w'(¢). Choosing A = —2 and A(ty) = 2E(x(ty)), and

neglecting higher order terms the change in the cost functional becomes

Y OH

Adfa(t), u(t)) =87 = | 5

h,(t)dt (5.51)
A numerical approximation to the integral can be obtained by using the trapezoidal rule.
Therefore, to consider the control input at discrete points, divide the time span t € [to, t7] into
N — 1 equally spaced intervals such that At =t¢/(N —1),t; =iAt,i=0,1,...,N —1,t, =
0,tn—1 = t. Treating u(t;) as a set of n unknown parameters, the point-wise approximation

for the control input becomes
N-1

6J = ; 8% i)hu(ti) (5.52)

Then the gradient of the cost functional with respect to the control input becomes

oH S
o.J _ 6u(ti)At fori=1,2,...,N —2 (553)

Oult) L0 At fori=0,and,i =N —1

2 ou(t;)

As a result of these approximations, the unconstrained static optimization problem becomes:

Find w(ty), u(t1),...,u(ty—1) that minimizes the cost function

J(’Ll,(t()), ’Ll,(tl), e ,’U,(tN_l)) (554)

And this problem can be solved using Quasi-Newton method.

Defining @, AJ and h,, as

u = [U(to)T, 'U,(tl)T, RN ,’LL(tN_l)T]T (555)
AJ = [(ajéo) )" (ajél) )R (%)T r (5.56)
hy = [hu(to), hu(t), ... hu(tn_1)]" (5.57)
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the direct algorithm that uses the Quasi-Newton method is summarized as follows.

Given N, tp,u° K9 = I, and a small number € > 0,

—_

. Compute the gradient V.J(a°) using Eq. (5.53).

2. If |[VJ(a%)]| <€, a is the desired solution.

3. Compute h, = —K?, VJ(u°).

4. If ’ h.|| < e, stop, as no further improvement is possible.

5. Find an o* > 0 such that J(a + o*h,) < J(@°).

6. Compute v = VJ(@° + a*h,) — V.J(a?).
d=1u"+a*h, —a° = a*h,.

TKO T dTKO KO dT
Kfnungnqu(lJrvﬂ_n;ﬂ dd” _ (K, KO, vd" )

dl~ dl~

7. Set u’ = u° + a*h,,.
Set V.J(a°) = V.J(a° + a*hy,).
Go to step 2.

For instance, an educated guess is used for u°(¢) on first iteration to find the state x(t;)
forward in time ¢ = 0 to ¢ = ty. Then, use u(ty) and x(t;) from previous step to find the
Lagrange multiplier A(¢;) backward in time ¢ = ¢; to t = 0. Finally, using u(t), (¢;), and
A(t;) from previous steps the Quasi-Newton method summarized above is implemented to
adjust the control history. Both the function and gradient evaluations require higher order

polynomial approximations to improve the accuracy of the numerical solution.

5.4.3 Pseudospectral Method

Over the last decade, due to major enhancements in approximation theory and optimization
techniques, functionally smooth nonlinear optimal control problems where the functions

involved in the problem formulation are differentiable can be solved with relative ease.34 338
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This approach of solving optimal control problems is encapsulated as the Covector Mapping
Principle (CMP), and Figure 5.2 effectively depicts the CMP.? Problem B represents a given
trajectory optimization problem. Application of Pontryagin’s Minimum Principle (PMP)
yields a " two-point” boundary value problem. Call this Problem B*. Problem B> is twice the
dimension of Problem B as a result of the costates, whose dimension is exactly equal to that of
the states. Since Problem B is typically unsolvable in closed-form, ”approximate” solutions
to it are sought by ”approximation methods”. Problem B*V represents the approximate
solution to the problem where N denotes the number of discrete points used, for example, the
number of points used in the Runge-Kutta method. Well-known discretization methods (such
as a class of Runge-Kutta methods) fail for optimal control problems because dualization
and discretization are non-commutative operations indicated by the commutation gap shown

in Figure 5.2.3%40

discretization

Problem B*Z ~ Problem B

A convergence PeY—
a Mapping
- e Theorem
9 Long
] w i
S ay is Problem BV*
© the -
= Shortest 5
Path ©
=
s |
©

discretization

Problem B _ ~ Problem B

convergence

Figure 5.2: The Covector Mapping Principle3°

The bottom of Figure 5.2 represents the discretization of Problem B to Problem BV
using the classical direct methods. If convergence can be proved, then passing to the limit,
N — o0, solves the original continuous problem in the limit. A convergence theorem en-

sures-that-selutions-are-obtained to an arbitrary precision. But for the simplest problems,
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convergence can be shown to be generally invalid in the context of the Minimum Princi-
ple. When Problem B is a modern optimal control problem, Problem BY is a non-linear
programming problem. Hence BN* refers to the set of necessary conditions obtained by
applying the Karush-Kuhn-Tucker (KKT) theorem. Furthermore, Problems B*¥ and BM*
do not necessarily generate the same solution. This means dualization and discretization
are not commutative operations. However, it is proved that a covector mapping theorem for
the Legendre pseudospectral method provides an order-preserving map between the duals.
In addition, the Legendre pseudospectral method proves to be convergent with remarkably
small grids.3%:39:40

Consequently, the solutions can be obtained readily by implementing the CMP where the
mapping between the states and costates is preserved.?® The extremality of the computed
solutions can be thoroughly verified by examining the necessary conditions. It is important
to emphasize that such verifications can be performed without having to solve the two-point
boundary value problem. For approximating the unknown functions over multiple nodes, the
CMP utilizes the Legendre pseudospectral method (LPM), which in turn uses Lagrange inter-
polating polynomials to approximate the states and controls. For optimal node placement in
time, a specific set of points are chosen for the interpolating nodes where the discrete variables
are defined. As an example, the LGL (Legendre-Gauss-Lobatto) pseudospectral method uses
nodes that correspond to the extrema of N** order Legendre polynomials. Therefore, with
fewer terms of a series in the approximation, spectral methods for approximating functions
have exponential convergence property. Furthermore, it has been shown that the Legendre
pseudospectral method (albeit a direct method) has the property that the solution satisfies
the necessary optimality conditions and solves the OCP without using a good estimate of
an optimal solution as a guess.?*33 Also, this eliminates traditional difficulties in solving for
the costates in the OCP.%"

In the Legendre PS methods, the states and controls are approximated using Nth order
Lagrange polynomials which interpolate the functions at optimally chosen nodes. The node
points are optimally chosen by the Legendre-Gauss-Lobatto (LGL) quadrature. The LGL

node points are the extrema of the Nth order Legendre polynomials which give the least in-
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terpolation error in the L? sense. The LGL nodes are chosen over other quadrature nodes(like
Chebyshev nodes) as they are more versatile and can also be used in the discretization of
integrals by Gaussian quadrature. More precisely, the LGL node points ¢;, [ = 0,..., N,

spaced on the interval [—1, 1] are defined as
t() - —1, tN =1

and for 1 <1 < N — 1, t; are the zeros of I'LN(t)7 the derivative of the Legendre polynomial
Ly (t). The roots of the Legendre polynomials are distinct, lie in the interval [—1, 1], have a
symmetry with respect to the origin. The Legendre polynomials are orthogonal polynomials

with properties:
1. For each N, Ly(t) is a polynomial of degree N.

2. f_ll Ly(t) Ly (t)dt = 5MN%+1 where Ly (t) and Ly (t) are the polynomials and dy,x is
the Kronecker delta, which is 0 when M # N and 1 when M = N.

The discretization process begins by approximating the continuous state and control variables

using the Lagrange interpolating polynomials, ¢;(t), of order N as:
a(t) () = mant) (5.58)
u(t) ~ u(t) = we(t) (5.59)

where ¢;(t) is related to the Legendre polynomials through

1 (2 — 1)Ly(t)
t) = 5.60
() N(N+1)Ly(t) t—1 (5.60)
It can be verified that
1 ifl=k
0 ifl#k

www.manharaa.com




138

Hence, it follows that x; = & (t;), u; = u™¥ (t;). The derivative terms are approximated from

Eq. (5.58) by differentiating the approximation

o(t) = &N (t) =) w1 (5.62)

and then evaluating the expression at the LGL nodes. This process gives rise to the (N +
1) x (N + 1) differentiation matrix Dy with entries Dy = o (ty) or

(Latw) 1 pp 2y

Iy(t) it

SNED g =1=0
D, = [Dy ] := <

)

(5.63)

N+l ifk=1=N

0 otherwise

which operates over each component of the discretization, X = (x¢; x1;...; & N), to generate a
discrete derivative X = D% X = (&o; &1;...; &x). The dynamical constraints are discretized
by imposing these constraints at the LGL nodes. Thus, the functions are replaced by vector
of their values at the nodes, and the derivative operators are replaced by differentiation
matrices. Further, the derivatives of the functions at these nodes are obtained by applying
the differentiation matrices on the functions at the same nodes. Therefore, discretization of
the Eq. (5.62) can be written as

N
w(n) ~ w.N(Ti) = Z Dl,ijccj S Tf ; TOF(:Bi, Ti) 7 = O, 1, vy N (564)
7=0

where 7; are the shifted LGL nodes and the factor sz;m comes from an affine transformation

of the time domain given as

(14 = 70) + (77 + 7o)

t € [to,tn] = [-1,1] : 7 = 5

(5.65)
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Similarly, the state-space constraint

(1) = f(2(1), uw(r),7) (5.66)
is approximated by
N : al Te— T,
&N (t) =D mbi(te) =D Duwy = - 5 = f (@, wi, 7) (5.67)
t=0 t=0

Discretizing the generalized cost function in Eq. (5.1), the Gauss-Lobatto integration rule

yields

N N

T — T,

JNIX U, 1,74 = L 5 0 Y F (:ck,ZDijwj,Uk,Tk) wy + E(xo, TN, 70,77)  (5.68)
k=0 Jj=0

where wy, are the LGL weights given by

2 1
Wy = NV 1) a0l k=0,1,...,N. (5.69)

The formulation is now been transformed to a nonlinear programming problem (NLP). The
NLP problem obtained through pseudospectral methods preserves the structure of the orig-
inal optimal control problem which is of significant consequence to the dualization of the
problem and convergence of the discretization.??4° Also Reference 40 proves that smoother
the optimal solution is, the faster the convergence of the pseudospectral solution.

The optimal control problems in this thesis are solved by the Legendre pseudo-spectral
method.?%31:33 Each optimal control problem in this thesis is solved using the commercial
software package DIDO. The covector mapping theorem for the pseudo-spectral method is
implemented in this powerful computational tool. DIDO discretizes an optimization problem
by using the Legendre pseudo-spectral method and solves it using NLP solver SNOPT, a
sequential quadratic programming solver.?®* DIDO generates spectrally accurate solutions
whose extremality can be verified using Pontryagin’s Minimum Principle. Moreover, this

tool can solve non-smooth problems that have state/control discontinuities where these dis-
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continuities can be seen in bang-bang controls.
5.5 Numerical Simulation

This section presents numerical simulations illustrating different optimal reconfigurations of
a 2-craft Coulomb virtual tether formation in circular GEO orbits: radial, along-track and
orbit normal spacecraft separation distance expansion and contraction maneuvers, radial
to along-track and radial to orbit-normal maneuvers with constant separation distance at
the initial and final positions, and a family of radial to along-track maneuvers. For each
reconfiguration maneuver, four different performance criteria are considered for which op-
timal control solutions, associated state trajectories, and spacecraft charge time histories
are presented. Eqs. (5.21) provide the equations of motion (state constraints) for these re-
configuration maneuvers. Table 5.1 provides the simulation parameters and their values.
For each equilibrium-to-equilibrium reconfiguration, for bang-bang controls (minimum-time,
minimum-fuel), the Coulomb propulsion thruster limit is fixed at a maximum equilibrium
value of the maneuver. Therefore, the Coulomb thruster limit could vary depending on
the maneuver under consideration, and from Egs. (5.19) and (5.24), this limit is computed
directly from the maximum equilibrium charge that can be produced. For example, for a
radial-to-radial expansion, where the radial spacecraft separation distance is expanded from
25m to 35m, the charges vary from 1.454C at 25m to 2.41uC at 35m which correspond to
Coulomb forces of 29.91uN and 41.87uN respectively. Consequently, for this expansion, the
Coulomb thruster limit is fixed at 41.87uN. For a similar expansion from 75m to 100m,
the charges vary from 7.75uC to 12.21uC with Coulomb forces of 89.72uN and 119.62uN,
and hence the limit is fixed at 119.62uN. For electric propulsion, a Colloid micro-thruster is
used with a fixed limit of 30uN. Both the Coulomb and electric propulsion thruster limits
can clearly go higher but such choices yield controls dominated by the respective thrusters.
Furthermore, the perturbation forces due to the Jy gravitational attraction and the solar

radiation pressure at GEO are not considered in this simulation.
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Table 5.1: Simulation Parameters Used for Reconfiguration Maneuvers

’ Parameter \ Value \ Units ‘

mso 150 kg
Linitial 25 m
Uspmax 30 uN
UPmax 30 /JJN
I, (EP) 2000 sec
ke 8.99 x 10° | Nz

0 7.2915 x 107° | rad/sec

5.5.1 Radial Spacecraft Separation Distance Fxpansion and Contraction Maneuvers

This example illustrates how to optimally reconfigure a 2-craft Coulomb virtual tether for-
mation to move the craft apart or closer using the Coulomb force and exploiting the gravity
gradient to stabilize the formation. Numerical simulations are performed for two sets of
maneuvers, expanding the radial Coulomb formation from an initial 25m to a final 35m and
contracting the formation from a separation distance of 25m to 15m. The initial and final

attitude values as well as the initial and final rates are set to zero through

For minimum-time, minimum-acceleration and minimum-power performance criteria, for an
expansion maneuver in which the inter-craft distance increases from 25m to 35m, Figure
5.3 show the candidate in-plane trajectories, state histories, control solutions and Figure 5.4
shows the spacecraft charge time histories. The solutions are obtained for a choice of 100
nodes. Since the variations in the out-of-plane rotation angles (not shown) are negligible
(on the order of 107!3 rad), only the in-plane trajectories are shown in Figure 5.3(a). The
state histories in Figure 5.3(b) show that the boundary conditions are satisfied with viable
variations of the in-plane rotation angles and the separation distances. The candidate con-
trol solutions in Figure 5.3(c) for minimum-time criteria display bang-bang characteristics,

whereas, the minimum-acceleration and minimum-power criterion yields a continuous control
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solution. An end of a maneuver is denoted by a square box for the respective performance
criterion. The charge on craft 2 will be equal and opposite to that of craft 1. Figure 5.4
shows the spacecraft charge time histories for one of the crafts. Since the magnitude of the
control charges is on the order of micro-Coulombs, charge emission devices can be used in
practice for implementation.

To verify that the control solution for each performance measure indeed drives the system
from its known initial to the desired end state, the initial conditions and control solutions
are used as input to the ode45 Matlab subroutine and the results are propagated. The prop-
agated results (not shown) closely matched the pseudospectral approximations of the states,
confirming the feasibility and convergence of the original solutions. Given the feasibility of
the optimized solutions, the necessary conditions for optimality are examined. As previously
stated, one such test is the approximate constancy of the Hamiltonian, whose theoretical
constant value depends on the performance criterion. For the three performance measures,
Table 5.2 shows that this necessary condition is indeed met. Table 5.2 also shows the opti-
mal time required to complete the maneuver, maximum separation distance acceleration, and
mean (root-mean-square - RMS) Coulomb propulsion thrust and power required. With the
minimum-time criterion, the expansion is finished in 0.6584 orbits. Also, as an improvement
over such a radial-expansion reconfiguration result of 1.8 days in Reference 5, which uses lin-
earized time-varying dynamical models, the time taken using optimal control techniques is
0.65 days. Furthermore, optimal control techniques use variable separation distance rates as
opposed to the constant rates used in Reference 5. The mean CP thrust and power required
for the minimum-time criterion are high, and are low for the minimum-power maneuver.
For the minimum-power and minimum-acceleration criteria, the maximum Coulomb thrust
needed at the end of the maneuver is greater than the radial equilibrium value of 41.8682uN
at 35m. This discrepancy is necessary to overcome the formation’s rotational dynamics, and
at the end of the maneuver, the controls should explicitly drop down to the equilibrium
value. Moreover, the maximum power requirements on the order of 10 Watts can be met by
the Coulomb propulsion devices.

Figure 5.5 shows the state trajectories, state time histories, control solutions and Figure

www.manaraa.com



143

Radial [m]
'—\
2]

0.5 0 -0.5 -1 -15 -2 -25
Along-Track [m]

(a) In-plane Trajectories

Y [rad]

0 01 02 03 04 05 06 07 08
Time [orbits]

(b) In-plane Rotation Angle (1) and Two-Craft Separation Distance
(L) Time Histories

50

a0} ’— - == B3 — — [

CP[uN]
N w
o o
RN
\
\
A

0 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08

Time [orbits]

(¢) Coulomb Propulsion (CP) Control Solutions

Figure 5.3: Simulation Results for Expanding the Radial Spacecraft Separation Distance
from 25m to 35m. ( — Min Time, — — Min Acceleration, — - — - Min Power)
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Figure 5.4: Spacecraft Charge Time Histories for Expanding the Radial Spacecraft Separa-
tion Distance from 25m to 35m. ( — Min Time, — — Min Acceleration, - - Min Power)

Table 5.2: Results for Expanding the Radial Spacecraft Separation Distance from 25m to

35m.
Cost Time ¢ Max L” CP Thrust | CP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits z uN W
Min Time 0.6584 | 5.0053 x 10~7 39.9401 10.1978 —1.0079
Min Acceleration | 0.7958 | 0.1342 x 107 38.4081 9.8661 —0.1983
Min Power 0.6934 | 3.7761 x 10~7 38.3876 9.7835 0.0002
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5.6 shows the spacecraft charge time histories for a contraction maneuver in which the inter-
craft distance decreases from 25m to 15m. The optimal solutions are symmetric to those of
the expansion maneuver solutions. From the results of Table 5.3, the contraction maneuver
for the minimum-time criterion finished in 0.7106 orbits. Also, as an improvement over
such radial-contraction reconfiguration results from Reference 5 which take 1.8 days, the
time taken using optimal control techniques is 0.71 days. However, the contraction took
1.27 days to complete for the minimum-acceleration cost function. Similar to the expansion
maneuver, the mean CP thrust and power required are highest for minimum-time criterion
and are lowest for the minimum-power criterion. For the minimum-time and minimum-power
criteria, the maximum Coulomb thrust at the beginning of the maneuver is greater than the
radial equilibrium value of 29.9059uN at 25m. This extra thrust is required at the beginning
of the contraction to overcome the angular momentum which causes the in-plane motion to
destabilize. At the end of the maneuver at 15m, the controls should explicitly drop down
to the equilibrium value of 17.9435uN. Since the separation distances in the contraction
maneuver are less than those of the expansion maneuver, the maximum power requirements

are about 4 Watts.

Table 5.3: Results for Contracting the Radial Spacecraft Separation Distance from 25m to
15m.

Cost Time ¢y Max L CP Thrust | CP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits =z ulN W
Min Time 0.7106 | 3.4690 x 10~7 27.8732 3.8127 —0.9951
Min Acceleration | 1.2732 | 0.4384 x 10~7 26.7043 3.8335 —0.0959
Min Power 0.7625 | 2.2591 x 1077 26.2355 3.5994 0.0001

5.5.2  Along-track Spacecraft Separation Distance Fxpansion and Contraction Maneuvers

This example illustrates how to optimally reconfigure a 2-craft Coulomb virtual tether for-
mation to move the craft apart or closer in along-track equilibrium configuration. This re-

configuration maneuver requires hybrid control of Coulomb forces and conventional thrusters
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Figure 5.5: Simulation Results for Contracting the Radial Spacecraft Separation Distance
from 25m to 15m. ( — Min Time, — — Min Acceleration, — - — - Min Power)
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Figure 5.6: Spacecraft Charge Time Histories for Contracting the Radial Spacecraft Sep-
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that stabilize the separation distance and orientation respectively. Numerical simulations are
performed for two sets of maneuvers, expanding the along-track Coulomb formation from an
initial 25m to a final 35m and contracting the formation from a separation distance of 25m
to 15m. The initial and final attitude values as well as the initial and final rates are set to

zero through
Vi=yr=di=dr=di=d=gi=¢;=Li=L;=0 (5.71)

For minimum-time, minimum-acceleration, minimum-fuel and minimum-power performance
criteria, for an expansion maneuver in which the inter-craft distance increases from 25m to
35m, Figures 5.7 and 5.8 show the candidate in-plane trajectories, state histories, control
solutions and the spacecraft charge time histories. The solutions are obtained for a choice of
25 nodes. Since the variations in the out-of-plane rotation angles (not shown) are negligible
(on the order of 10713 rad), only the in-plane trajectories are shown in Figure 5.7(a). The
state histories in Figure 5.7(b) show that the boundary conditions are satisfied with viable
variations of the in-plane rotation angles and the separation distances. The candidate control
solutions in Figure 5.7(c) for minimum-time and minimum-fuel criteria display bang-bang

characteristics, whereas, the minimum-power and minimum-acceleration criteria yields a
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continuous control solution. An end of a maneuver is denoted by a square box for the
respective performance criterion. At the end of the maneuver, the controls should explicitly
drop down to the equilibrium value. The charge on both craft will be zero at the end of the
maneuver. Figure 5.8 shows the spacecraft charge time histories for one of the crafts. Since
the magnitude of the control charges is on the order of micro-Coulombs, charge emission
devices can be used in practice for implementation.

The propagated results (not shown) closely matched the pseudospectral approximations
of the states, confirming the feasibility and convergence of the original solutions. Given the
feasibility of the optimized solutions, the necessary conditions for optimality are examined.
For the four performance measures, Table 5.4 shows that the approximate constancy of the
Hamiltonian necessary condition is met. Table 5.4 also shows the optimal time required to
complete the maneuver, maximum separation distance acceleration, and the RMS Coulomb
and propulsion power required. With the minimum-time criterion, the expansion is fin-
ished in 0.1074 orbits. The mean Coulomb propulsion (CP) and electric propulsion (EP)
power required for the minimum-time criterion are high, and are low for the minimum-power

maneuver.

Table 5.4: Results for Expanding the Along-track Spacecraft Separation Distance from 25m
to 35m.

Cost Time tf Max L CP Power | EP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits 2 W W
Min Time 0.1074 | 5.4894 x 10~ 7 5.9631 0.5145 —0.9995
Min Acceleration | 0.7958 | 1.2642 x 108 0.7150 0.1327 —0.0046
Min Fuel 0.3239 | 5.594 x 10~ 6.1763 0 0
Min Power 0.3386 | 7.0323 x 1078 0.1118 0.1075 0

Figures 5.9 and 5.10 shows the state trajectories, state time histories, control solutions
and the spacecraft charge time histories for a contraction maneuver in which the inter-craft
distance decreases from 25m to 15m. From the results of Table 5.5, the contraction maneuver
for the minimum-time criterion finished in 0.1074 orbits. The contraction took 0.79 days to

complete for the minimum-acceleration cost function. Similar to the expansion maneuver,
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the mean Coulomb propulsion (CP) and electric propulsion (EP) power required for the
minimum-time criterion are high, and are low for the minimum-power maneuver. With
minimum-fuel cost function, it is observed that the contraction maneuver uses Coulomb

propulsion with no electric propulsion thrust required.

Table 5.5: Results for Contracting the Along-track Spacecraft Separation Distance from 25m

to 15m.

Cost Time ¢ Max L” CP Power | EP Power | Hamiltonian
[RMS] [RMS] [Mean|]
orbits = W W
Min Time 0.1074 | 5.5694 x 107 3.0493 0.5127 —0.9997
Min Acceleration | 0.7958 | 1.2484 x 10~8 0.4341 0.1065 —0.0092
Min Fuel 0.3175 | 5.4186 x 10~7 |  3.6399 0 0
Min Power 0.2763 | 1.0401 x 107 0.2139 0.1581 —0.0001

5.5.8  Orbit-normal Spacecraft Separation Distance Ezxpansion and Contraction Maneuvers

This example illustrates how to optimally reconfigure a 2-craft Coulomb virtual tether for-

mation to move the craft apart or closer in orbit-normal equilibrium configuration. Similar
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to the along-track maneuver, this reconfiguration requires hybrid control of Coulomb forces
and conventional thrusters that stabilize the separation distance and orientation. Numerical
simulations are performed for two sets of maneuvers, expanding the orbit-normal Coulomb
formation from an initial 25m to a final 35m and contracting the formation from a separation
distance of 25m to 15m. The initial and final attitude values as well as the initial and final

rates are set to zero through

Figures 5.11 and 5.12 show the candidate solutions for an expansion maneuver in which
the inter-craft distance increases from 25m to 35m. The solutions are obtained for a choice
of 36 nodes. Figure 5.11(a) show the three-dimensional trajectories. The minimum-fuel
trajectory indicates that the maneuver uses Coulomb propulsion with no electric propulsion
thrust. The state histories in Figure 5.11(b) show that the boundary conditions are satisfied
with viable variations of the rotation angles and the separation distances. The control
solutions in Figure 5.11(c) for minimum-time and minimum-fuel criteria display bang-bang
characteristics, whereas, the minimum-power and minimum-acceleration criteria yields a

continuous_control solution. The charge on craft 2 will be equal to that of craft 1. Figure
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5.12 shows the spacecraft charge time histories for one of the crafts.

For the four performance measures, Table 5.6 shows that the approximate constancy
of the Hamiltonian necessary condition is met. Table 5.6 also shows the optimal time re-
quired to complete the maneuver, maximum separation distance acceleration, and the RMS
Coulomb and propulsion power required. With the minimum-time criterion, the expansion
is finished in 0.1903 orbits. With minimum-fuel cost function, it is observed that the expan-
sion maneuver uses Coulomb propulsion with no electric propulsion thrust required. The

remaining analysis is similar to that of along-track configuration.

Table 5.6: Results for Expanding the Orbit-normal Spacecraft Separation Distance from 25m
to 35m.

Cost Time ¢ Max L” CP Power | EP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits =z W W
Min Time 0.1903 | 1.6535 x 10~ 7 2.2345 1.0097 —0.9997
Min Acceleration | 0.7958 | 1.2863 x 10~8 1.2052 0.2573 —0.0046
Min Fuel 0.2721 | 5.0072 x 1078 |  4.7126 0 0
Min Power 0.2347 | 9.0036 x 10~8 1.0247 0.4057 0.0001

Figures 5.13 and 5.14 show the candidate solutions for a contraction maneuver in which
the inter-craft distance decreases from 25m to 15m. From the results of Table 5.7, the
contraction maneuver for the minimum-time criterion finished in 0.1888 orbits and for the
minimum-acceleration criterion it took the maximum of 0.7958 orbits. Similar to the ex-
pansion maneuver, the mean Coulomb propulsion (CP) and electric propulsion (EP) power
required for the minimum-time criterion are high, and are low for the minimum-power ma-
neuver. With minimum-fuel cost function, it is observed that the contraction maneuver uses
Coulomb propulsion with no electric propulsion thrust required. The remaining analysis is

similar to that of the expansion maneuver.
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Figure 5.12: Spacecraft Charge Time Histories for Expanding the Orbit-normal Spacecraft
Separation Distance from 25m to 35m. (— Min Time, — — Min Acceleration, - - - Min Fuel,
~ - - Min Power)

Table 5.7: Results for Contracting the Orbit-normal Spacecraft Separation Distance from

25m to 15m.

Cost Time ¢y Max L” CP Power | EP Power | Hamiltonian

[RMS] [RMS] [Mean]
orbits z W A\

Min Time 0.1888 | 1.8416 x 1077 0.9585 0.8938 —1.0446

Min Acceleration | 0.7958 1.272 x 1078 0.5536 0.2497 —0.0089

Min Fuel 0.2823 | 5.1993 x 108 0.6742 0 0

Min Power 0.2574 | 6.5698 x 1078 0.5928 0.1034 0

5.5.4  Radial to Along-track Maneuver

The next example illustrates an optimal radial to along-track maneuver with the following

boundary conditions

L =Ly=25m,¢; =0rad, ¢y = —7/2rad (5.73a)
0= 0 =y =y = b= by = F= = 0 (5.73)

To utilize the rotational formation dynamics, the final in-plane attitude angle v is set

to —m/2rad. Figures 5.15 and 5.16 show the simulation results for a radial to along-track

www.manharaa.com




156

Orbit Normal [m]
= =
o (¢}

N ol

Radial [m] - Along-Track [m]

(a) 3D Trajectories

o[rad]

L [m]

0 [rad]

0 01 02 03 04 05 06 07 0.8

(b) Rotation Angles (¢, 6) and Two-Craft Separation Distance (L)
Time Histories

P = =

EP @) [uN] CP LN] EP (@) [uN]

03 04 05 06 07 038
Time [orbits]

(¢) Electric Propulsion (EP) and Coulomb Propulsion (CP) Controls
Figure 5.13: Simulation Results for Contracting the Orbit-normal Spacecraft Separation

Distance from 25m to 15m. (— Min Time, — — Min Acceleration, - - - Min Fuel, — - - Min
Power)

www.manharaa.com




157

Charge q1}iC]

0 01 02 03 04 05 06 07 08
Time [orbits]

_1 1 1

Figure 5.14: Spacecraft Charge Time Histories for Contracting the Orbit-normal Spacecraft
Separation Distance from 25m to 15m. (— Min Time, — — Min Acceleration, - - - Min Fuel,
Min Power)

reconfiguration with a fixed separation distance of 25m at the initial and final equilibrium
positions. The results for all four cost functions are obtained for a choice of 75 nodes. Figure
5.15(a) illustrates the in-plane trajectories for this maneuver. It is interesting to note that
the minimum-fuel trajectory differs significantly from the others. The in-plane state histories
in Figure 5.15(b) indicate that the boundary conditions are met. Figure 5.15(c) shows that
the minimum-fuel maneuver uses maximum Coulomb thrusting, thus minimizing the EP
thrusting usage. The charge histories in Figure 5.16 not only show the easily controllable
charge magnitudes but also show the charge sign switching during the reconfiguration.

The propagated results (not shown) using ode45 closely matched the pseudospectral
approximation of the states, thus verifying the feasibility and convergence of the solution.
Moreover, as shown in Table 5.8, the constancy of the Hamiltonian value is satisfied for each
performance measure. The final time required to complete the maneuver is a minimum of
0.22 days for the minimum-time criterion and is a maximum of 0.54 days for the minimum-
acceleration criterion. The RMS power consumption shown in Table 5.8 indicates that more
Coulomb propulsion is used over electric propulsion. For the maneuver, a maximum of
about 4 Watts for Coulomb thrusting and a maximum of about 0.5 Watt for EP thrusting
are utilized, easily meeting the power requirements of charge emission devices and Colloid

thrusters...At-the-end of the maneuver at 25m at the along-track equilibrium position,
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the minimum-time, minimum-fuel and minimum-power Coulomb controls should explicitly
drop down to the equilibrium value of OuN. The minimum-acceleration continuous Coulomb

control dropped down to the equilibrium value at the final time.

Table 5.8: Results of a Radial to Along-track Maneuver with 25m Separation Distance at
the Initial and Final Positions.

Cost Time tf Max L CP Power | EP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits =z W W
Min Time 0.2259 | 5.8934 x 10~7 3.2953 0.5225 —0.9996
Min Acceleration | 0.5440 | 6.0722 x 10~? 2.1579 0.2246 0
Min Fuel 0.4419 | 2.5784 x 1077 1.5135 0.3772 0.0448
Min Power 0.3970 | 3.9874 x 10~7 1.5770 0.2121 0.0005

Figure 5.17 shows the trajectories and controls for the same radial to along-track reconfig-
uration, but with the boundary conditions not utilizing the rotational formation dynamics.
This implies that the final in-plane attitude angle s is set to m/2rad. The solutions are
shown for all four cost functions and the in-plane trajectories are not very different to those
of the solutions obtained utilizing the rotational formation dynamics. However, the control
effort required for minimum-time exhibits sharp fluctuations which remained irrespective of
the number of nodes chosen. Also, the reconfiguration times are longer compared to that
of the reconfigurations with the boundary conditions utilizing the rotational formation dy-
namics. Furthermore, the numerical simulation times between the two boundary conditions

varied greatly, which are presented in detail in the next section.

5.5.5  Family of Radial to Along-track Maneuvers

In this example, a family of optimal maneuvers from radial to along-track equilibrium po-
sitions are illustrated. Figure 5.18 displays the Coulomb and electric propulsion controls
(RMS) as a function of varying separation distances for each of the four cost functions. Each
maneuver is performed with a fixed separation distance of 25m at the initial radial position,

and varying final separation distances. Furthermore, the boundary conditions take advantage
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Figure 5.17: Simulation Results of a Radial to Along-track Maneuver with 25m Separation
Distance at the Initial and Final Positions with Boundary Conditions Not utilizing the
Rotational Dynamics. (— Min Time, — — Min Acceleration, - - - Min Fuel, — - — - Min Power)

www.manharaa.com




161

of the rotational formation dynamics of the two-craft system. The minimum-time perfor-
mance measure consistently utilized more Coulomb and electric propulsion compared to the
other measures. Whereas, for the minimum-power cost function, the Coulomb thrust used for
two-craft separation distances between 90m and 125m is negligible (on the order of 107> uN),
and the EP thrust observed over the same distances is significantly higher. Another observa-
tion from Figures 5.18(a) and 5.18(b) is that minimum electric propulsion thrust is required
for minimum-fuel cost function. The maneuver is able to use more Coulomb propulsion due

to the exploitation of the rotational formation dynamics.
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Figure 5.18: In-plane Control Solutions for Family of Maneuvers from Radial to Along-
track Equilibrium Position with Initial Separation Distance of 25m. (— Min Time, — — Min
Acceleration, - - - Min Fuel, Min Power)

Figure 5.19 show results for two sets of maneuvers for the minimum-time performance
measure. One set of maneuvers is generated with the boundary conditions taking advan-
tage of the rotational formation dynamics (natural boundary conditions) and the other set
is generated without taking advantage of the rotational formation dynamics (non-natural
boundary conditions). Figure 5.19(a) shows the minimum-time trajectories with an initial
separation distance of 25m between the craft and a final separation distance varying be-
tween 25m and 125m. Figure 5.19(a) also shows the closed-form natural solution using the

Hill’s equations!'4

in which one craft is placed in the radial equilibrium position and allowed
to drift in the absence of any Coulomb interaction with the second craft. Although the

two sets of trajectories appear symmetric, collisions may occur with the other craft with
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non-natural boundary conditions. The control solutions (not shown) exhibit sharp fluctu-
ations for each maneuver with non-natural boundary conditions. Also, the reconfiguration
times (not shown) are longer compared to that of the reconfigurations with natural bound-
ary conditions. Moreover, Figure 5.19(b) shows the numerical simulation times for each set
of maneuvers which are much lower with the natural boundary conditions. For instance,
in a worst-case scenario, with a separation distance of 125m, the simulation times for the
non-natural boundary conditions are almost two orders of magnitude greater than those of
obtained using the natural boundary conditions. Therefore, utilizing the natural formation

dynamics yields clean bang-bang controls, collisionless trajectories and much lower simula-

tion times.
80, — 16
gglljtion Times with Non-natural _ ~ =~
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Figure 5.19: Minimum-Time Family of Maneuvers from Radial to Along-track Equilibrium
Position with Initial Separation Distance of 25m.

5.5.6 Radial to Orbit-normal Maneuver

The final example illustrates an optimal radial to orbit-normal maneuver with the following

boundary conditions

Li=L;=25m,¢; =0rad, ¢y = Orad (5.74a)

Figures 5.20 and 5.21 show the simulation results for a radial to orbit-normal reconfigu-
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ration with a fixed separation distance of 25m at the initial and final equilibrium positions.
The results for all four cost functions are obtained for a choice of 25 nodes. Figure 5.20(a)
illustrates the three-dimensional trajectories for this maneuver. It is interesting to note that
the minimum-fuel trajectory differs significantly from the others. More importantly, the
separation distance becomes close to zero as in Figure 5.20(b) indicating that the maneuver
could lead to a collision with the second craft. The in-plane state histories in Figure 5.20(b)
indicate that the boundary conditions are met. Figure 5.20(c) shows that the minimum-fuel
maneuver uses maximum Coulomb thrusting, thus minimizing the EP thrusting usage. The
charge histories in Figure 5.21 not only show the easily controllable charge magnitudes but
also show the charge sign switching during the reconfiguration.

As shown in Table 5.9, the constancy of the Hamiltonian value is satisfied for each
performance measure. The final time required to complete the maneuver is a minimum of 0.21
days for the minimum-time criterion and is a maximum of 0.79 days for the minimum-power
criterion. The RMS power consumption shown in Table 5.9 indicates that more Coulomb
propulsion is used over electric propulsion for minimum-time, minimum-acceleration and
minimum-fuel criteria. However, for the minimum-power criterion, more electric propulsion
is used over Coulomb propulsion. Note that overall power consumption is minimum for
minimum-power criterion satisfying the cost function. For the maneuver, a maximum of
about 4.3 Watts for Coulomb thrusting and a maximum of about 0.95 Watt for EP thrusting
are utilized, easily meeting the power requirements of charge emission devices and Colloid
thrusters. At the end of the maneuver at 25m in the orbit-normal equilibrium position, the
minimum-time, minimum-fuel and minimum-power Coulomb controls should explicitly drop
down to the equilibrium value of 9.88uN. The minimum-acceleration continuous Coulomb

control dropped down to the equilibrium value at the final time.

5.6 Summary

This chapter presents an optimal-control framework for the reconfiguration of two-craft for-
mations in circular orbits. Several reconfiguration problems are discussed, with each problem

discretized using a Legendre pseudo-spectral method, and the resulting non-linear optimal
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Table 5.9: Results of a Radial to Orbit-normal Maneuver with 25m Separation Distance at
the Initial and Final Positions.

Cost Time ¢y Max L” CP Power | EP Power | Hamiltonian
[RMS] [RMS] [Mean]
orbits z A\ W
Min Time 0.2187 | 2.6986 x 10~ 7 4.2630 0.9520 —0.9971
Min Acceleration | 0.4198 | 8.3519 x 10~? 3.2739 0.4295 0.0001
Min Fuel 0.6085 | 3.8721 x 107 2.5488 0.1698 0.0319
Min Power 0.7958 | 3.9053 x 10~7 0.0909 0.2930 —0.0005
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control problems solved using the software package DIDO. Pontryagin’s Minimum Principle
verifies the feasibility and optimality of the open-loop numerical solutions. Four measures of
optimality are discussed: minimum reconfiguration time, minimum acceleration of the sepa-
ration distance, minimum electric propulsion fuel usage and minimum power consumption.
Results for these cost functions are illustrated for each reconfiguration problem with the
goal of maximizing Coulomb propulsion usage while utilizing minimum electric propulsion.
Because no linearizations are involved with nonlinear optimal control techniques, boundary
conditions in the nonlinear regime hold. Previous Coulomb formation flying work used lin-
earized time-varying dynamical models. Compared to previous work, the expansion and con-
traction reconfigurations in the radial, along-track and orbit normal directions are achieved
in shorter times. Successful in-plane radial to along-track optimal reconfigurations for each
performance measure are shown along with a family of minimum-time optimal maneuvers.
The results highlight the advantage of using natural formation dynamics in the selection of
boundary conditions for such maneuvers. Then, a final numerical simulation illustrates an

out-of-plane radial to orbit-normal maneuver.
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Chapter 6
CONCLUSIONS

Techniques from geometric mechanics, linear and non-linear feedback control systems,
and optimal control theory have been applied to investigate the dynamics and control of a
two-craft Coulomb tether formation in circular orbits and at libration points. This chap-
ter discusses the work accomplished that meets the objectives of the dissertation. It also

describes avenues for future research beyond the scope of this dissertation.
6.1 DMain Results in this Dissertation

6.1.1 Two-Craft Tether Formation Relative Equilibria about Circular Orbits and Libration

Points

The relative equilibria of a two-craft formation moving in a restricted two-body system and
a restricted three-body system are presented using the exact gravitational and Coulomb po-
tentials. A general framework of two-craft connected by an elastic tether force is studied
with an emphasis on a virtual Coulomb tether as a special case. The orbit-attitude cou-
pling effects should be considered for large spacecraft separation distances; for LEO, greater
than tens of kilometers, for GEO, hundreds of kilometers, and at libration points, tens of
thousands of kilometers. Such coupling effects can be ignored for shorter spacecraft sepa-
ration distances. The negligible non-great circle effects shown validate the simple principle
axes condition to find equilibrium solutions in GEO circular orbits for Coulomb tether ap-
plications. Consequently, for a charged two-craft formation, the principal axis condition is
very good for genetic algorithms which seek approximate equilibrium answers. However, for
full non-linear solutions, these effects can be taken into consideration. Moreover, the three
great-circle relative equilibria (radial, along-track and orbit normal) of a two-craft formation

at all five libration points are presented. Also, the nongreat-circle effects are numerically
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shown to exist at the Earth-Moon collinear libration points. Interestingly, in the restricted
three-body system, a tether force is required for the along-track equilibrium, however, no
tether force is necessary in the restricted two-body system. For two-craft Coulomb tether
separation distances in a restricted three-body system, the negligible non-great circle effects
at collinear libration points indicate that the simple principle axes condition should suffice
in the development of equations of motion. Furthermore, the results obtained here are used
to investigate the dynamics and stability of a 2-craft Coulomb tether formation at libration
points. One conference paper has been presented from this work*> and a journal paper is

under review.

6.1.2 Dynamic Analysis of Two-Craft Coulomb Formation at Libration Points

The feasibility of a two-craft Coulomb formation concept is studied at libration points for
orbit-radial, along-track and orbit-normal equilibria. The new two-craft dynamics at the
libration points is provided as a general framework in which circular Earth orbit dynamics
form a special case. The general equations of motion for collinear libration points has a o
term which varies for each collinear libration point. Interestingly, setting "o = 1”7 yields the
same equations of motion for all three equilibrium configurations in circular Earth orbits. At
the triangular libration points, although there are additional terms in equations of motion for
the three equilibria, the effect of these additional terms on the dynamics is small. Therefore,
the dynamics and the stability conditions are similar to those found in Reference 5 for a
2-craft formation at GEO. For orbit-radial equilibrium, a linearized charge feedback law is
used wherein Coulomb force stabilizes the separation distance, while exploiting the gravity
gradient torque due to the two primaries for stabilizing the in-plane attitude motion. For
both along-track and orbit-normal configurations, a hybrid control of Coulomb forces and
conventional thrusters is required for stabilizing the separation distance and orientation
respectively. Also, due to the large distances from the Earth-moon barycenter to the libration
points and due to the smaller rotation rate of the barycenter, the micro-Coulomb charge
requirements at the libration points is at least an order of magnitude smaller then that of a

two-body system in Reference 5. The thrusting forces required are less than micro-Newtons
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in magnitude and are applied in orthogonal directions. One conference paper has been
presented from this work#® and a journal paper is under preparation.

In the linearized study, the assumption is that the differential solar radiation pressure
on the formation is zero. When the differential solar drag on the two-craft formation is not
zero and in the presence of time varying SRP disturbances, a Lyapunov feedback control
method is presented for feedback stabilization of a radial equilibrium two-craft Coulomb
tether formation at any collinear libration point. The method uses a Lyapunov function
based on a first integral of motion of the two-craft Coulomb formation. The controller
designed by this method works very well and the control law utilizes a three-dimensional
control (separation distance, in-plane and out-of-plane motion). Both the control charges
needed in the order of micro-Coulombs and the transverse control forces in the order of
micro-Newtons are realizable in practice. A conference paper is under preparation which

focuses the application of Lyapunov feedback control method.

6.1.3  Optimal Reconfigurations of Two-Craft Coulomb Formation in Circular Orbits

An optimal-control framework for the reconfiguration of two-craft formations in circular or-
bits is presented. Several in-plane and out-of-plane reconfiguration problems are discussed,
with each problem discretized using a Legendre pseudo-spectral method, and the resulting
non-linear optimal control problems are solved using the software package DIDO. The fea-
sibility and optimality of the open-loop numerical solutions are verified with Pontryagin’s
Minimum Principle. Four measures of optimality are discussed: minimum reconfiguration
time, minimum acceleration of the separation distance, minimum electric propulsion fuel
usage, and minimum electrical power consumption. Results for these cost functions are il-
lustrated for each reconfiguration problem with the goal of maximizing Coulomb propulsion
usage while utilizing minimum electric propulsion. The various two-craft reconfigurations
considered are: radial, along-track and orbit normal spacecraft separation distance expan-
sion and contraction maneuvers, radial to along-track and radial to orbit-normal maneuvers
with constant separation distance at the initial and final positions, and a family of radial to

along-track maneuvers. Because no linearizations are involved with nonlinear optimal control
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techniques, boundary conditions in the nonlinear regime hold. Previous Coulomb formation
flying work used linearized time-varying dynamical models. Compared to previous work,
the expansion and contraction reconfigurations in the radial, along-track and orbit normal
directions are achieved in shorter times. Successful in-plane radial to along-track optimal
reconfigurations for each performance measure are shown along with a family of minimum-
time optimal maneuvers. For such maneuvers, the advantage of using natural formation
dynamics in the selection of boundary conditions is highlighted. The orbit-normal spacecraft
separation distance expansion and contraction maneuvers as well as radial to orbit-normal
maneuvers involve three-dimensional reconfigurations which are illustrated considering the
coupled in-plane and the out-of-plane motions. Not only are useful optimal reconfigurations
for various problems found but interesting insights are given for respective cost functions.
For instance, for a radial to orbit-normal maneuver with a minimum-fuel cost function, extra
path constraints are necessary to avoid collisions between the craft. One conference paper

has been presented from this work?” and a journal paper is under preparation.

6.2 Future Work

There are many future research avenues for exploration beyond the work presented in this
thesis. A few of them are given here.

In the presence of time varying SRP disturbances at libration points, similar to the non-
linear feedback control strategy presented for orbit-radial configuration, a Lyapunov feedback
control method can be developed for stabilization of orbit normal or along-track two-craft
Coulomb tether formations.

For the reconfiguration of two-craft formations in circular orbits, solar radiation pressure
effects can be incorporated in the GEO environment. Also, optimal maneuvers of a two
spacecraft Coulomb formation at libration points can be studied. Furthermore, the optimal-
control framework presented here can be extended to determine optimal three-craft recon-
figurations between two charged equilibria configurations. Such three-spacecraft Coulomb
formations can be investigated by adding charge constraints to the problem formulation.

For satellite orbit problems, if the optimal control open-loop solutions can be generated
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fast enough, closed-loop feedback trajectories can be generated. In recent years, the notion
of Carathodory—m solutions are introduced that stem from the equivalence between closed-
loop and feedback trajectories.3! These ideas lead to a new set of foundations for achieving
feedback wherein optimality principles are interwoven to achieve stability and system perfor-
mance. Therefore, closed loop solutions can be investigated for optimal maneuvers of space-
craft Coulomb formations. By way of pseudospectral methods, optimal feedback control
based on the Carathodory—m trajectory concept is capable of solving real-time applications

because these techniques can generate solutions at a sufficiently fast sampling rate.
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Appendix A
LIE GROUPS

To explain the terminology used in chapter 2, basic properties and definitions of Lie
Groups are introduced here. References 43 and 44 present these concepts in detail.
Definition 1 [Group of transformations|. A group of transformations G is an aggregate

set of transformations g; such that the following properties are satisfied:
1. It contains the identity transformation.
2. Corresponding to each transformation g; there is an inverse transformation g, L

3. The composition of transformations holds ¢;g;, € G and the associativity rule (¢;g;) gx =

9i (gjgx) is satisfied.

For instance, the set of nonsingular linear transformation matrices forms a group as
all the above three properties are satisfied. Another important example is the symmetry
group of a rigid body. To maintain the symmetry of a rigid body, symmetry groups or
symmetry transformations gives rise to the set of all distance preserving transformations
which transforms the position of the body but preserves the distance between all pairs of
points of the rigid body.

Definition 2 [Lie group]. A Lie group is a smooth manifold G that has a group structure
consistent with its manifold structure such that the group operation and its inversion are
smooth maps between manifolds. A matrix representing a rotation about an axis through an
angle is an example of a Lie group. The three-dimensional rotation group SO(3) is defined

as

SO(3) = {C :R® = R? linear, C'C =F and det C =1}
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Lie groups describe continuous symmetries in physical systems using its Lie algebra g* for
its calculations. A Lie algebra is a vector space and uses linear algebra to study Lie groups.
For example, SO(3) is a Lie group and is characterized by its Lie algebra. A Lie group G
and its Lie algebra g* are related in a manner similar to which a flow and the associated

vector field are related. The corresponding vector field v on a flow ® (x,t) given by
v (@)= Sl (2,1
- dt t=0 3 )

is called the infinitesimal generator of the flow.

Let so(3) be the set of skew-symmetric matrices defined by
s0(3) = {f :R3® — R3, linear ‘é-l— ET‘ = 0}

where & = (&1, &, &3) is a vector and €is

0 =& &
[é] =1& 0 =&
—& &0

This set so(3) forms the Lie algebra of SO(3) given as €r = & x r for any r € R3. If we
define the Lie algebra isomorphism between the space R® and so(3) by & — so(3) then the

matrix exponential e is a rotation about & by the angle [|€]| ¢ in the form
C (t) = .

The action of the Lie group SO(3) on the configuration manifold @) is expressed as C - q

where Q) is given by

Qz{q:(qieRg’,z’:l,...,n)}.
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And the associated action of the infinitesimal generator g on () is a vector field defined as

§ala)=— (eﬁt-Q)H}:éq:ﬁx q.

where £ is the angular velocity vector.
The tangent space T4Q is the collection of all tangent vectors to all possible curves
passing through a given point q;. The set of all position-velocity pairs is a manifold and the

tangent bundle T'Q of the manifold is denoted by
TQ={(q.,v): g€ Qv e T,Q}
Similarly, in the phase space of position-momentum pairs the cotangent bundle T™*Q) becomes
T°Q ={(q,p): g€ Q,peT;Q}.

Every vector space V has a dual V*: V* ={l:V — R : [ linear}. The dual space to vector
space V' is defined as the vector space V* consisting of all real-valued linear functions. As
an example, for n point masses moving in a central force field, the dual pairing between

(g,p) € T*Q and (q,v) € TQ is given by the inner product

<p7 ’U> = szvz
=1

This inner product structure identifies the vector space v and its dual p. And the Legendre

transformation F'L : TQ — T*Q gives rise to the linear momentum mapping
p; = M;v; 1=1,...,n
If all the point masses need to be rotated simultaneously then the SO(3) action on @ is

Tcq:q—C-q:=(C-q). (A.1)
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The infinitesimal generators associated with this group action is given by
wo =wg=wXqg=(wXxgq). (A.2)

Similarly to map the angular velocity and its dual, the angular momentum, consider the

momentum map J : T*Q — g* given by

(p.wg (q)) = (prwxa) = pi-(wxa) =Y pilaxp) w=J(gp) w (A3)

=1

That is,
J(a,p) =qxp=3Lq; xpi (A.4)

Which is the standard formula for angular momentum of a group of particles. And the

Legendre transformation F'IL: T'Q — T*Q gives rise to the angular momentum mapping
50(3) > 50" (3) : w > J (1m0 (q)) = I (@) w (A5)

Where is I (q) the inertia tensor and is expressed in the rotational kinetic energy of the point

masses as

2Ky (€ w) =€ T(@)w =3 mi(€xa) (@) (A6)
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